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Abstract:
The mappings o are one-t0-one and such that om(0K) # ok for all advantageous integers ok
and m, wherein om(0k) denotes the mth iterate of the mapping o at ok. Thus @ extends the
restrict useful on c, the distance of convergent sequences, withinside the experience that @(x)
= lim &k for all x € c. In case o is the interpretation mapping ok—ok+1, an invariant suggest
is frequently known as a Banach restrict and Vo, the set of bounded sequences all of whose
invariant approach are equal, is the set of just about convergent sequences
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Introduction
Convergence of random variables (sometimes called stochastic convergence) is where
a set of numbers settle on a particular number. It works the same way as convergence
anywhere else; For example, cars on a 5-line highway might converge to one specific lane if
there’s an accident closing down four of the other lanes. In the same way, a sequence of
numbers (which could represent cars or anything else) can converge (mathematically, this
time) on a single, specific number. Certain processes, distributions and events can result in
convergence— which basically mean the values will get closer and closer together.
The main object of this paper is to study two more extensions of the concept of statistical
convergence namely o-statistical convergence and lacunary o-statistical convergence. We
also study the concept of Le-convergence. In section 1.2 we study some inclusion relations
between Le-convergence and lacunary o-statistical convergence and show that these are
equivalent for bounded sequences. Further in section 1.3 we study relation between o-
statistical convergence and lacunary o-statistical convergence.
Definition 1.1.1. Let o be a mapping of the set of positive integers into itself. A continuous
linear functional @ on ., the space of real bounded sequences x = {&}, Is said to be an
invariant mean or a c-mean if and only if
1. d(x) >0 if & > 0 for all K,
2. D({Es}) = D(x) for all X € L,
3. ®(e) =1 where e = {1,1,1,...}.
The mappings o are one-t0-one and such that 6™(k) # k for all positive integers k and
m, where 6"(k) denotes the m™" iterate of the mapping o at k. Thus ® extends the limit
functional on c, the space of convergent sequences, in the sense that d(x) = lim &k for all x €
c. In case o is the translation mapping k—k+1, an invariant mean is often called a Banach
limit and Vs, the set of bounded sequences all of whose invariant means are equal, is the set
of almost convergent sequences [19].

If x = {&}, set Tx = {T&} = {&ov}- It can be shown [28] that
Vo= {x={&}: lim t_, (X) = & uniformly in k, & = o-lim &k}

where t,, (X) = (& + TS +"'+Tmék).

m+1
Several authors including Mursaleen [22], Savas [27], Schaefer [31] and others have
studied invariant convergent sequences.
Definition 1.1.2. A sequence x = {&k} is said to be strongly o-convergent [23] to & if

n-1
lim Ezmgk(m)—a =0 uniformly in m.

n— oo n k=0

In this case we write &k — &[Vs] and [Vs] denotes the set of all strongly o-
convergent sequences.
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Remark 1.1.3.

Q) For 6(m) = m+1, the space [V,] is the space of strongly almost convergent sequences.
(i) Itisknown [23] that c € [Vs] € Vs C L.
Definition 1.1.4. A lacunary sequence is an increasing integer sequence 0 = {k} such that ko
_Oand hr kr kr-1—>OOaSI'—>OO.

Throughout this paper the intervals determined by 6 will be denoted by Ir = (k-

1, kr]-
Definition 1.1.5. Let 6 be a lacunary sequence. The space denoted by Ny is defined [9] as

No = {x = {&}: for some &, I|m Z|§k g =0.

r kel,

Definition 1.1.1. A sequence x = {&k} is said to be lacunary strong c-convergent [28] to & if

lim = Z|§k(m) g = uniformly in m.

r kel,

We shall denote by L the set of all lacunary strong o-convergent sequences.
Remark 1.1.1. Ly & [Vs] for every lacunary sequence 6.
Definition 1.1.8. A complex number sequence x = {&x} IS said to be o-statistically convergent
or Se -convergent to the number & if for each € > 0

,!'Lnﬁ|{0<k<n |§k(m)—§|28}|=0 uniformly in m.
In this case we write Se-lim & = & or & — &(So) and S denotes the set of all o-
statistically convergent sequences.
Definition 1.1.9. Let 6 = {k} be a lacunary sequence. The complex number sequence x =
{&} 1s said to be lacunary o-statistically convergent or Sce-convergent to the
number & if for each € > 0

!mhi {kEl:[E,, ~E=e}=0 uniformlyinm.

In this case we write See-lim &k = & or & — &(Se) and Sep denotes the set of all lacunary o-
statistically convergent sequences.
1.2 Some Inclusion Relations Between Le-Convergence And Lacunary X-Statistical
Convergence
In his section we study some inclusion relations between Le-convergence and
lacunary o-statistical convergence and show that these are equivalent for bounded sequences.
Theorem 1.4.1. Let 6 = {k/} be a lacunary sequence. Then
() &— &Lo) = & — &(Sw0),
(i)  ifx €lsand & — &(Se0), then & — &(Ly),
(iif)  Soo N loo= L.
Proof. (i). Since & — &(Le) for each € > 0, we have

lim = Z|§k(m) g = uniformly in m. ..(1)

r kel,
If € > 0, we can write

DILIELERNDILIEL

&, (m)*i
>elke g, ~d>e)

=€

Consequently,
.1 .1 )
i o 2ol o ~EZe imp ke 11, ) ~Eze)

Hence by (1) and the fact that ¢ is fixed number, we have
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lim hi|{k €I |8, ~E=e}=0 uniformlyinm,

i.e. &k — E_,(Sce)
(ii). Suppose that Ex — &(See) and X € l.. Then for each € > 0
lim hi|{k € 116, ~ &2} =0 uniformly inm. Q)
Since x € L., there exists a positive real number M such that | Egsk(m) —§&| <M for all k and m.

For given ¢ > 0, we have

ﬁ:zyaém,—a=i% ILINE SR N I

r kel, kel r kel,
égk(m) 1 égk(m) gl<e
1 1
< = M+ —> ¢
ho &M
ésk(m)*é 2 €
M 1
= CHKE N [E,, ~gz e+ e In-(nheed) + 1]
1
= —I{kE I 18 ey — Sl Z 8 =N
_M :
= keI, ~gz ) e
£ 7.
= lim rZ|§k(m) |<M!ﬁﬂﬁ'{keIr:lécwm)_a‘ig}Hg
Hence by using (2), we get
lim = ZA : D 1S uniformly in m. ..(3)
= &k — &(Ly).

Example 1.2.2. Let 6 be given and define & to be 1.2,3,....[/h, ] fork=c"(m), n=kes +

1, ke +2,.. ke + [\/h—r ]; m> 1 and & = 0 otherwise (where [ ] denotes the greatest integer

function).
Note that x is not bounded. Now

1 .
El{k €l |§5k(m)
i.e. & — 0(Se). B

h]+1
Zlqu(m) %([ﬁ]@)ﬁ%#Oasr—)w,

r kel,

h
—0/=z¢&}[= [‘{]_r]

i.e. & »0(Lo).

Thus inclusion in (i) is proper and this example shows that the boundedness condition can not

be omitted from (ii).

(iii). It follows from (i), (ii), Remark 1.1.7 and the fact that [Vs] C L.

This completes the proof of the theorem.

1.3 In this section we study relation between Ss-convergence and Seo-convergence. First
we discuss a lemma which will be used in studying that relation.

Lemma 1.4.1. A sequence x = {&} is o-statistically convergent to the number ¢ if for given

€1 > 0 and each € > 0, there exist ng and mo such that

ClosksnLilg,, ~gze <a
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for all n > ng and m > mao.

Proof. Let €1 > 0 be given. For each £ > 0, choose no’ and mo such that

Lio<kente, —gsea<s .(4)
n o'(m) 2

for all n >no and m > mo.
It is enough to prove that there exists no " such that forn>no", 0 < m < my,

%|{O§k§n—1:|§Gk(m)—§|28}|<81 ...(5)

since taking no=max {no’,no" }, (5) will hold for n >noand for all m, which gives the result.
Once mo has been chosen, 0 < m < mo, mopis fixed.
Solet|{0<k<mo-1:|&, ~—&=s}l=K

Now taking 0 <m < mgand n > mo, we have

1 1
Sl0sksnlig, ~gzell= C[H0sksmoe L, ~gz el

1
Mo <k<n-li|E,  ~g>s)]

< 1K + & [Using (4)]
n 2
<g [Taking n sufficiently large]

which gives (5), and hence the result follows.
Theorem 1.3.2. Sq9 = S, for every lacunary sequence 0.
Proof. Let X € Sep. Then from Definition 1.1.9, given g1 > 0, there exist roand & such that

L0 sk<hLilg, -8z <a
forr>rpand m=kr1 +1+u,u>0.
Let n > hr and write n = ih; + t where 0 <t <h,, i is an integer. Since n > hy, it follows that i >
1.
Now
Cl0sksn-Lilg, ~Ez el S0 Sk< (D L]g, -8
14, .
= HZ|{|hr5ks(]+1)hr—1: 1€ iy — &l Z €}
=
< 1(i+1)hr €1
n

<2ih &L [i>1]
n

for &S 1, since ﬂf 1. So
n n

Cjosksnlilg,,, ~gz e <2

Then, by Lemma 1.4.1, X € S,.

Thus S € Se.

It is easy to see that Ss € Sce.

Hence Sq9 = S, for every lacunary sequence 0.

This completes the proof of the theorem.

Remark 1.3.3. When o(m) = m + 1, from Definition 1.1.8 and Definition 1.1.9, we have the
definitions of almost statistical convergence and lacunary almost statistical convergence of a
sequence.
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