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ABSTRACT

This study paper brings out the understanding of special irreducible polynomials. We will also
try to uncover known results on irreducible normal polynomials and Root polynomials over
arbitrary fields. We will also try to find out some of the irreducible polynomials that exist.
When we talk of irreducibility, it is also something that we can consider when we talk about
prime numbers that cannot be further factored: ItSmay not be wrong to say that factoring
polynomials and bringing |rredu0|blllt¥ *d\«m fo?ninng Algorithms in Computer Algebra
systems or CAS.
The questions that move around Integer§ or kﬂteger;p;fe can be then understood when answers

can be found when questions are made about:the NUmbers in a Finite Field. We can focus on
concepts like explicit root polynomiakidy hirp-gagygedpormal Polynomials of a cyclic nature
over a field of characteristic 2 is resulteélFree Encyclopedia
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INTRODUCTION

The study of Finite Fields implies a key part in theories like Abstract Algebra and
Cryptography. A polynomial is considered normal in every residue class of modulo p when
there is exactly one integer polynomial with coefficients > 0 and < p-1. A polynomial is then
simplified by factorization and merging coefficients of the same degree of terms and can be
called reducible.

When we talk of a finite field, it is a field that can contain finite number of elements. Finite
field is a set of which the Multiplication, Addition and Subtraction and division are performed
and that can satisfy certain basic rules. In 1850, Eisenstein firstly understood the existence of
normal bases for finite fields and was further validated by Schénemann for the case of Fp and
then by Hensel in 1888 for arbitrary fields. These then form the base where the applications
are seen in faster computations in coding theory and Cryptography.

Irreducible Polynomials are with coefficients in an integral domain R, if the product of the two
polynomials have their coefficients in R. It can also be considered that an irreducible
polynomial is an irreducible element in the rings of polynomials over R. We call a polynomial
as irreducible if it cannot be further factored into polynomials with coefficients in the same
domain that they do not have a negative degree. It is not easy to check whether an irreducible
polynomial is normal polynomial.

REVIEW

It can be understood that a normal polynomial can be factored and stand reducible in domain
set. There are two things to note that for a normal polynomial to be irreducible we need to
check for the prime coefficients e, for instance, 7 as a prime element in the field of Z.
Because 7 cannot be further faciofig@ijinto a‘product’of much 8" numbers in Z. Similarly,
x2 + 3 isprimein Q [x]. Because'x2 ¥*3 cannot be further factored into a product of polynomials
of a lower degree in Q [x]. Reducibility is limited to the fact that the polynomial will have a
prime constant.

A unitary polynomial (a polynomial with a coefficient equal to 1) f (x) from F [x] is called
normal over F if its roots are all rationally expressed over F through any root of the polynomial
f ().

Let a degree f (x) equal to n be greater than two and F be a formally real field. In this case, H.
Kleiman proved the following theorem:

The  normal  polynomial f = x*» + i Tilapy;  xl) o d

with coefficients in a formally real field F is uniquely determmed by the set S= {M, a» - 2},
where M is the set of root polynomials for f (x). In addition, the set M contains at least one
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nonlinear polynomial, if n > 2. If the set M contains a root polynomial of degree two, then the
normal polynomial f(x) is uniquely determined by the set M.

Let ®,(x) be a circular polynomial of order n, n>6, therefore, the degree of the polynomial

®..(x) is greater than or equal to 4.

OBJECTIVES

There exist many tests that understand the reducibility of a polynomial. We can go through the
different tests that are considered for irreducibility. There are some of the tests that we go
through depend on the degree of the polynomial that.is being tested. While some of the tests
may seem simple, some of the tests alsé"mﬁd\«@nth’(—,ﬁdomain at the polynomial is carried in
Q[x] for rational numbers, R[x] for Reaﬁ NQFnbers‘gnq%n[x] for set of integers of mod n.
METHODOLOGY AND HYPOTH ESES% Y

We can understand that a polynomial is rédueibleenly when we understand where we find its
roots. It gives a basic idea that if the ¥X&pRqlpemjgl A reducible, it provides a constraint on
where the roots belong. The Free Encyclopedia

A monic polynomial with prime constant coefficient p is reducible. We may find one of its
irreducible factors has a constant term which may be positive or negative p and the rest have a
constant term positive or negative 1.

One of the methods for polynomials over Z is to use complex analysis to say something about
the location of the roots. You can probably apply Rouche's theorem; for here is how Perron's
criterion is proven, which cites that a monic polynomial x,+an—1x,—1+...+ao With integer
coefficients is irreducible if |an—1|>1+|an—2|+...+|a0| and ao#0.

Eisenstein’s criterion

Eisenstein’s criterion goes to prove that a polynomial with integer coefficients is considered
irreducible. It cannot be written as a product of two polynomials of smaller degree with integer
coefficients. Sometimes you may not find it applied to most polynomials, but it is good to prove
it is efficient for showing examples of certain polynomials which are irreducible.

P = anx* +ap-1) x U+, + a1 x+ ao

aec zforalli=o0,...,nand a, # 0 which means that the degree of p(x) is n is irreducible if

some prime number p divides all coefficients ao, ..., an;, but not all leading coefficient a,
and, moreover, p2 does not divide the constant term ao

This can be considered sufficient if not a necessary condition. Let us consider the polynomial
x2 +1 which is irreducible but it does, in no way, fulfill the above property, since no prime
number can divide 1. We can however change or substitute x +1 for x can produce the
polynomial x2 + x + 2 which can be seen to fulfill the Eisenstien criterion (with p = 2) and
describes the polynomial as irreducible.

Hilbert's criterion

A popular German mathematician named David Hilbert provided a theory in which he stated
that for any finite set of irreducimpolynomials whiehyis=ipyppx finite number of variables
which do have Rational cogffieief#s can allow specialized subset that seems proper for the
variables to Rational numbers in a way that all polynomials are proved irreducible.

Let fi (X1, ..., X, Y1, ..., Y5), ..o, fu (X4, ..., X, Y1, ..., Y5) be irreducible polynomials
inaring Q(Xi, ..., Xp) [Y1, ...., Ys]

Then there exists an r-tuple of rational numbers (au, ..., a:) such that fi (a1, ..., ar, Y1, ....,
Ys), ..., fa (a1, ..., ar, Y1, ...., Yg) areirreducible in the ring Q(Y3, ..., Y7)

We derive from this theorem that there can be many r-tuples which are infinite. In fact, the set
for irreducible specials, called the Hilbert set, is large in many cases. For example, this set here

Zariski dense in Qr. The assertion proves right even if we require (a1, ..., a,) to be pure

integers.
Brute Force Method
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Brute Force method goes on to prove with an intuitive, direct, and straightforward technique

where we try to enumerate all the possible ways or solutions. It can show that the polynomial

is irreducible by showing that any of polynomials that may be factors, could not be factors.

Let us consider: x* + x + 1is irreducible in Z,[x]

Consider that the polynomial is treated as f(x). We need to find out that f (x) can be factored

as g (x) x h (x) where g (x) and h (x) have a lower degree than 4, so the degree of the polynomial

test is 4 where the degree of g (x) is less than 4 and the degree of h (x) is less than 4. It is not

enough to factor out a constant, for example, we build factor it into real polynomials that both

have. When we have f (x) factor of g (x) x h-{o9,Xhe degree of f (x) would be equal to the

degree of g () and the degree of h (x)% ligatiod of polynomial causes the degrees to be

added together. Since we know that the\suﬁ?- of th@ﬂqg‘ﬁees of the factored Polynomial is 4 the

degrees of g (x) and h (x) will be less thﬁn okequal tpgf' The degree of the polynomial is always

supposed to be greater than 0. The possible ottcomes can be 1 + 3 or 3 + 1 or 2 + 2. One factor

must be 1 or 2. Our next step is to ch83gK/if £ (b heg yipeAegree 1 or degree 2 factor.

Degree 1 Polynomials: x, x + 1 The Free Encyclopedia

Degree 2 Polynomials: x2 +x +1, x2 + 1, x2+ x, x2

We will be left with constant 1 every time we try to reduce f (x) with the given possibilities.

Hence none of the degree of polynomials will further reduce it proving that the given

polynomial of f (x) is irreducible.

We can test to check for irreducibility is to check for roots or Element or Field to be a root.

Finite Field here could represent Q[x] for rational numbers, R[x] for Real Numbers and Zp|[x]

for set of integers where p is a prime number. We need to prove that if the root can be placed

in the polynomial whether the polynomial in question can be reduced. Now f(x) € F[x] has
a root a € F mean that f(a) = O and that x —a is a factor of £ (x). We need to find out that
f () € F[x has aroot in F then f (x) will be reducible. This cannot be said in the reverse

manner as the meaning does not hold true. If we have a root then the polynomial is reducible.
Let us consider x* + 2x3 +3x + 1 is reducible in Zs[x]. We can prove the reducibility by
finding the root. Zs has only 5 elements Z5 = {0, 1, 2, 3, 4}.

Trial can be arranged for the polynomial to achieve that 3 is the root of f(x).

Proving that (x -3) is a non-trivial factor of £ (x) and that it is reducible.

SCOPE

This part of Abstract Algebra, along with the theory of finite fields and polynomials over finite
fields are used for making systems for protecting information with encryption and decryption.
They have been used for cyclic redundant codes which utilize polynomials over fields Fp.
Again, we need to understand that finite fields are a set with a finite number of elements, so
we can perform all the arithmetic operations. Finite fields are limited with respect to the said
arithmetic operations For any two elements of the field a,b € Fp. So if any operations are
performed, the resulting element 'p-rhbe caleulations aremmmth modulo p that belongs
to both the finite field and is@ i umber. '

We reiterate that a scope for irreducible polynomials is that if you find it irreducible in one
field say Z, you may find it reducible in say Q. The search for irreducible polynomials is
difficult to compute a problem, especially over fields of large dimensions.

LIMITATIONS

Root Test:

We can test to check for irreducibility is checking for roots or element or a Field to be a root.
Finite Fields here could represent Q[x] for rational numbers, R[x] for Real Numbers and Zp|x]
for set of integers where p is a prime number. We need to prove that if the root can be placed

in the polynomial whether the polynomial in question can be reduced. Now f(x) € F[x] has a
root a € F mean that f(a) = 0 and that x —a is a factor of f(x). We need to find out that f (x)
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€ F[x] has aroot in F then f(x) will be reducible. This cannot be said in the reverse manner

as the meaning does not hold true. If we have a root then the polynomial is reducible.

Let us consider x* + 2x3 +3x + 1 is reducible in Zs[x]. We can prove the reducibility by
finding the root. Zs has only 5 elements Zs = {0, 1, 2, 3, 4}.

Trial can be arranged for the polynomial to achieve that 3 is the root of f (x)

Proving that (x -3) is a non-trivial factor of f(x) and that it is reducible.

Similarly, if a polynomial has no roots, we cannot determine that it is irreducible.

Consider the polynomial x* + 5x2 + 4 & R[x].jt may not have roots in R but can be reducible
y: :

t0 (6@ + 1) (3 + 4). M il

However, irreducibility tests are like the abdve only;mtix/e to check the whether the polynomial
is found to be irreducible in the said doh?ﬁgirﬁﬁq whigh they are arranged. We cannot conversely
imply that the if the test fail to prove the irredeeibility can be then termed to be reducible.
Take example of the Eisenstein CriteNX/ tagt1tipatipuped in some important use cases to prove
the irreducibility with little work. W¢ldefiree Ematretasedot applicable to all polynomials with Z
coefficients that are irreducible over the field of Q.

CONCLUSION

This article attempted to explain certain concepts and the properties of irreducible polynomials.
Generally, we also find it in the Galois theory. We also attempted to look at it from an algebraic
point of view and from the point of view of mathematics and applied theory in cryptography.
This paper also finds an extensive search of finite fields. We reiterate that one method of
finding the irreducibility of a polynomial does not prove it cannot be reducible in another
domain. We can find both a theoretical and a practical usability of irreducibility theory
considering the various aspects that showcase its applicability and the importance of it.
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