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5.1 INTRODUCTION 

This chapter we finalize the probability distribution of seven integrals hypergeometric function 

and Ī-function. 

The results are obtained with the help of seven integrals involving hypergeometric function. 

Since Ī-function is one of the most generalized function of one variable studied so far, it not 

only contains Meijer’s G-Function, Fox’s H-function and Inayat Hussain’s H-function as 

special cases, but also inludes most of the commonly used functions. Therefore from our 

results, a large number of known as well as unknown results for G, H and Ĥ-function can be 

obtained.  

5.2 RESULTS REQUIRED 

The following seven integrals involving hypergeometric functions obtained earlier by Nagar 

[108] will be required in our present investigations then finalize probability distributions. 

First Formula 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝒅𝒙

𝟏

𝟎
Γ = 

𝚪(𝐞)𝚪(𝐜−𝐞+𝟏)𝚪(𝐜)

𝟐𝟐𝒂(𝟏+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝐞−𝟏)𝚪𝟐𝐜−𝐞−𝐚+𝟏)
𝑿
[𝚪(𝐜−

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

……………(5.2.1) 

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants α and β are such that none 

of the expression 1+α, 1+β, 1+αx+β(1-x), where 0≤x≤1, is not zero. 

Then by definition of probability distribution, we have from (5.2.1) 

𝑓(𝑥) =  

𝚪(𝐞)𝚪(𝐜 − 𝐞 + 𝟏)𝚪(𝐜)

𝟐𝟐𝒂(+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝐞− 𝟏)𝚪𝟐𝐜− 𝐞− 𝐚 + 𝟏)
𝑿
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐
)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚
)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚
)𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 +

𝟏
𝟐
)]

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏 + 𝜶)𝒙
𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)

)𝒅𝒙
𝟏

𝟎

= 0 

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where f(x) = 𝐹1
2(𝛼, 1 − 𝛼, 𝑒;  

(1+𝛼)𝑥

1+𝛼𝑥+𝛽(1−𝑥)
) 

Second Formula 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝒅𝒙

𝟏

𝟎
Γ = 

𝚪(𝐞)𝚪(𝐜−𝐞+𝟏)𝚪(𝐜−𝟏)𝚪(𝐚−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝐞−𝟏)𝚪(𝐚)𝚪𝟐𝐜−𝐞−𝐚+𝟏)
 

𝑿
[𝚪(𝐜−

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

………(5.2.2) 

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants α and β are such that none 

of the expression 1+α, 1+β, 1+αx+β(1-x), where 0≤x≤1, is not zero. 

Then by definition of probability distribution, we have from (5.2.2) 

𝑓(𝑥) =  

𝚪(𝐞)𝚪(𝐜−𝐞+𝟏)𝚪(𝐜−𝟏)𝚪(𝐚−𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒆
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝐞−𝟏)𝚪(𝐚)𝚪𝟐𝐜−𝐞−𝐚+𝟏)

𝑿
[𝚪(𝐜− 𝟏

𝟐𝐞
− 𝟏
𝟐𝐚
+𝟏
𝟐
)𝚪( 𝟏

𝟐𝐞
− 𝟏
𝟐𝐚

)]

[𝚪( 𝟏
𝟐𝐞
+ 𝟏
𝟐𝐚

)𝚪(𝐜− 𝟏
𝟐𝐞
+ 𝟏
𝟐𝐚
+𝟏
𝟐
)]

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏 + 𝜶)𝒙
𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)

)𝒅𝒙
𝟏

𝟎

= 0 

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where f(x) = 𝐹1
2(𝛼, 1 − 𝛼, 𝑒;  

(1+𝛼)𝑥

1+𝛼𝑥+𝛽(1−𝑥)
) 
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Third Formula 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝒅𝒙

𝟏

𝟎
 = 

𝚪(𝐞)𝚪(𝐜−𝐞+𝟏)𝚪(𝐜)

𝟐𝟐𝒂+𝟏(𝟏+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝐞−𝐚)𝚪(𝐚)𝚪(𝟐𝐜−𝐞−𝐚+𝟏)
𝑿
[𝚪(𝐜−

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)]
−

[𝚪(𝐜−
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+𝟏)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+𝟏)]

………(5.2.3) 

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants α and β are such that none 

of the expression 1+α, 1+β, 1+αx+β(1-x), where 0≤x≤1, is not zero. 

Then by definition of probability distribution, we have from (5.2.2) 

𝑓(𝑥) =  

𝚪(𝐞)𝚪(𝐜 − 𝐞 + 𝟏)𝚪(𝐜)
𝟐𝟐𝒂+𝟏(𝟏 + 𝜶)𝒆(𝟏 + 𝜷)𝒄−𝒆+𝟏𝚪(𝐞 − 𝐚)𝚪(𝐚)𝚪(𝟐𝐜 − 𝐞 − 𝐚 + 𝟏)

𝑿
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚) 𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 +

𝟏
𝟐)]

−
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 + 𝟏)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚)𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 + 𝟏)]

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏

𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏 + 𝜶)𝒙
𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)

)𝒅𝒙
𝟏

𝟎

= 0 

Elsewhere,  ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where f(x) = 𝐹1
2(𝛼, 1 − 𝛼, 𝑒;  

(1+𝛼)𝑥

1+𝛼𝑥+𝛽(1−𝑥)
) 

Fourth Formula 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟐𝑭𝟏
𝟐(𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝒅𝒙

𝟏

𝟎
 = 

𝚪(𝐞)𝚪(𝐜−𝐞+𝟐)𝚪(𝐜)𝚪(𝐚−𝟏)𝚪(𝐞−𝐜−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆+𝟐𝚪(𝐞−𝐚)𝚪(𝐚)𝚪(𝟐𝐜−𝐞−𝐚+𝟐)
𝑿
[𝚪(𝐜−

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)]
−

[𝚪(𝐜−
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+𝟏)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+𝟏)]

………(5.2.4) 

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants α and β are such that none 

of the expression 1+α, 1+β, 1+αx+β(1-x), where 0≤x≤1, is not zero. 

Then by definition of probability distribution, we have from (5.2.2) 

𝑓(𝑥) =  

𝚪(𝐞)𝚪(𝐜 − 𝐞 + 𝟐)𝚪(𝐜)𝚪(𝐚 − 𝟏)𝚪(𝐞 − 𝐜 − 𝟏)
𝟐𝟐𝒂−𝟏(𝟏 + 𝜶)𝒆(𝟏 + 𝜷)𝒄−𝒆+𝟐𝚪(𝐞 − 𝐚)𝚪(𝐚)𝚪(𝟐𝐜 − 𝐞 − 𝐚 + 𝟐)

𝑿
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐
)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚
)]

[𝚪 (
𝟏
𝟐𝐞
+
𝟏
𝟐𝐚
) 𝚪 (𝐜 −

𝟏
𝟐𝐞
+
𝟏
𝟐𝐚
+
𝟏
𝟐
)]

−
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 + 𝟏

)𝚪 (
𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐
)]

[𝚪 (
𝟏
𝟐𝐞
+
𝟏
𝟐𝐚
) 𝚪 (𝐜 −

𝟏
𝟐𝐞
+
𝟏
𝟐𝐚
+ 𝟏)]

∫
𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆

[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏 + 𝜶)𝒙
𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)

)𝒅𝒙
𝟏

𝟎

  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where f(x) = 𝐹1
2(𝛼, 1 − 𝛼, 𝑒;  

(1+𝛼)𝑥

1+𝛼𝑥+𝛽(1−𝑥)
) 
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Fifth Formula 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆+𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟐𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝒅𝒙

𝟏

𝟎
 = 

𝚪(𝐞)𝚪(𝐜−𝐞+𝟐)𝚪(𝐜)𝚪(𝐞−𝐜+𝟏)

𝟐𝟐𝒂(𝟏+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆+𝟐𝚪(𝐞−𝐚)𝚪(𝐞−𝐜)𝚪(𝟐𝐜−𝐞−𝐚+𝟐)
𝑿
[𝚪(𝐜−

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+𝟏)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
−
𝟏

𝟐
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)]
−

[𝚪(𝐜−
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟑

𝟐
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
−
𝟏

𝟐𝒂
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

………(5.2.5) 

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants α and β are such that none 

of the expression 1+α, 1+β, 1+αx+β(1-x), where 0≤x≤1, is not zero. 

Then by definition of probability distribution, we have from (5.2.2) 

𝑓(𝑥) =  

𝚪(𝐞)𝚪(𝐜 − 𝐞 + 𝟐)𝚪(𝐜)𝚪(𝐚 − 𝟏)𝚪(𝐞 − 𝐜 + 𝟏)
𝟐𝟐𝒂(𝟏 + 𝜶)𝒆(𝟏 + 𝜷)𝒄−𝒆+𝟐𝚪(𝐞 − 𝐚)𝚪(𝐞 − 𝐜)𝚪(𝟐𝐜 − 𝐞 − 𝐚 + 𝟐)

𝑿
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 + 𝟏)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 −

𝟏
𝟐) 𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 + 𝟏)]

−
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟑
𝟐)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 −

𝟏
𝟐)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚) 𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 +

𝟏
𝟐)]

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏

𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏 + 𝜶)𝒙
𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)

)𝒅𝒙
𝟏

𝟎

= 0 

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where f(x) = 𝐹1
2(𝛼, 1 − 𝛼, 𝑒;  

(1+𝛼)𝑥

1+𝛼𝑥+𝛽(1−𝑥)
) 

Sixth Formula 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆+𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟐𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝒅𝒙

𝟏

𝟎
 = 

𝚪(𝐞)𝚪(𝐜−𝐞)𝚪(𝐜)𝚪(𝐜)

𝟐𝟐𝒂+𝟏(𝟏+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)𝚪(𝐞−𝐜)𝚪(𝟐𝐜−𝐞−𝐚)
𝑿

[𝚪(𝐜−
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐𝐚
)]
−

[𝚪(𝐜−
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

………(5.2.6) 

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants α and β are such that none 

of the expression 1+α, 1+β, 1+αx+β(1-x), where 0≤x≤1, is not zero. 

Then by definition of probability distribution, we have from (5.2.2) 

𝑓(𝑥) =  

𝚪(𝐞)𝚪(𝐜 − 𝐞)𝚪(𝐜)
𝟐𝟐𝒂+𝟏(𝟏 + 𝜶)𝒆(𝟏 + 𝜷)𝒄−𝒆𝚪(𝐞 − 𝐚)𝚪(𝟐𝐜 − 𝐞 − 𝐚)

𝑿

[𝚪 (𝐜 −
𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 +

𝟏
𝟐)𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 +

𝟏
𝟐𝒂)]

+
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚)𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 +

𝟏
𝟐)]

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝒅𝒙
𝟏

𝟎

= 0 

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where f(x) = 𝐹1
2(𝛼, 1 − 𝛼, 𝑒;  

(1+𝛼)𝑥

1+𝛼𝑥+𝛽(1−𝑥)
) 
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Seventh Formula 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆−𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐(𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝒅𝒙

𝟏

𝟎
 = 

𝚪(𝐞)𝚪(𝐜−𝐞)𝚪(𝐜)𝚪(𝐜−𝟏)

𝟐𝟐𝒂(𝟏+𝜶)𝒆(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)𝚪(𝐞−𝐜)𝚪(𝟐𝐜−𝐞−𝐚)
𝑿

[𝚪(𝐜−
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
−
𝟏

𝟐
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
+𝟏)]

+

[𝚪(𝐜−
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)]

[𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)𝚪(𝐜−

𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
−
𝟏

𝟐
)]

………(5.2.7) 

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants α and β are such that none 

of the expression 1+α, 1+β, 1+αx+β(1-x), where 0≤x≤1, is not zero. 

Then by definition of probability distribution, we have from (5.2.2) 
𝑓(𝑥)

=  

𝚪(𝐞)𝚪(𝐜 − 𝐞)𝚪(𝐜 − 𝟏)
𝟐𝟐𝒂+𝟏(𝟏 + 𝜶)𝒆(𝟏 + 𝜷)𝒄−𝒆𝚪(𝐞 − 𝐚)𝚪(𝟐𝐜 − 𝐞 − 𝐚)

𝑿
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚) 𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 −

𝟏
𝟐)𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 + 𝟏)]

+
[𝚪 (𝐜 −

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚 +

𝟏
𝟐) 𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)]

[𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚) 𝚪 (𝐜 −

𝟏
𝟐𝐞 +

𝟏
𝟐𝐚 −

𝟏
𝟐)]

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝒅𝒙
𝟏

𝟎

= 0 

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where f(x) = 𝐹1
2(𝛼, 1 − 𝛼, 𝑒;  

(1+𝛼)𝑥

1+𝛼𝑥+𝛽(1−𝑥)
) 

MAIN INTEGRALS 
 In this section, the following probability distribution of seven integrals involving 

hypergeometric function and Ī-function will be evaluated. 

First Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐 (𝒂, 𝟏 −

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙 =  

=
𝚪(𝐞)𝚪(

𝟏

𝟐𝐞
−

𝟏

𝟐𝐚
)

𝟐𝟐𝒂(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(
𝟏

𝟐𝐞
+

𝟏

𝟐𝐚
)𝚪(𝐞−𝐚)

*

Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑 ({

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

(𝒆−𝒄,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏),𝒊(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(

𝟏

𝟐
+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

}…………..(5.3.1) 

Provided ʎ>0, Re(c-e+1+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎, Re(c+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 and Re(c-1/2e-

1/2a+1/2+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 , ø>0, |𝒂𝒓𝒈(𝒛)| < 𝜽𝝅/𝟐, where 𝜽 is same as given. Also the 

constants α and β such that none of the expressions 1+α, 1+β, [1+αx+β(1-x)], where 0≤x≤1, 

is not zero. 
Then by definition of probability distribution, we have from (5.3.1): 

𝑓(𝑥) =

𝚪(𝐞)𝚪 (
𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)

𝟐𝟐𝒂(𝟏 + 𝜶)𝒄(𝟏 + 𝜷)𝒄−𝒆+𝟏𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚)𝚪

(𝐞 − 𝐚)
∗

Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑 (

{
 
 
 

 
 
 

𝒛
(𝟏 + 𝜶)(𝟏 + 𝜷)

|

|
(𝒆 − 𝒄, 𝝀; 𝟏), . (𝟏 − 𝒄, 𝝀; 𝟏).

(
𝟏
𝟐 − 𝒄 +

𝟏
𝟐𝒆 +

𝟏
𝟐𝒂 , 𝝀; 𝟏),𝒊(𝜶𝒋, 𝑨𝒋;  𝒂𝒋)𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂 − 𝟐𝒄, 𝟐𝝀; 𝟏)(
𝟏
𝟐 +

𝟏
𝟐𝒆 −

𝟏
𝟐𝒂 − 𝒄, 𝝀; 𝟏)}

 
 
 

 
 
 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆
𝟏

𝟎
𝒅𝒙

 

=0  
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Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

} 

Second Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟐 −

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙 =  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U

Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏)

.(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(
𝟑

𝟐
+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)}

 
 

 
 

)-

V. Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏)}

 
 

 
 

)……(5.3.2) 

Provided ʎ>0, Re(c-e+1+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎, Re(c+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 and Re(c-1/2e-

1/2a+1/2+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 , ø>0, |𝒂𝒓𝒈(𝒛)| < 𝜽𝝅/𝟐, where 𝜽 is same as given. Also the 

constants α and β such that none of the expressions 1+α, 1+β, [1+αx+β(1-x)], where 0≤x≤1, 

is not zero. 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 ,V=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 

Then by definition of probability distribution, we have from (5.3.2):(𝑥) =
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝒂)𝚪(𝐞−𝐚)

∗𝐔Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

 
 
 
 
 
 
 
 
 

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

|

| (𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).

(
𝟏
𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(𝟑
𝟐
+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

}
 
 
 
 
 

 
 
 
 
 

)

 
 
 
 
 
 
 
 
 

−𝐕.Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

|

| (𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).

(
𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(𝟏−𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏)

}
 
 
 
 
 

 
 
 
 
 

∫ 𝒙𝒄−𝟏 (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎 𝒅𝒙

 

=0  
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Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

} 

Third Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 −
𝟏

𝟎

𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U

Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 ({

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(

𝟏

𝟐
+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

})-

V. Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 ({

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

})…

…(5.3.3) 

Provided ʎ>0, Re(c-e+1+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎, Re(c+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 and Re(c-1/2e-

1/2a+1/2+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 , ø>0, |𝒂𝒓𝒈(𝒛)| < 𝜽𝝅/𝟐, where 𝜽 is same as given. Also the 

constants α and β such that none of the expressions 1+α, 1+β, [1+αx+β(1-x)], where 0≤x≤1, 

is not zero. 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 ,V=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 

Then by definition of probability distribution, we have from (5.3.3): 
𝑓(𝑥)

=

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝐞−𝐚)

∗

𝐔Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

 
 
 

{
 
 

 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷) |

|
(𝒆−𝒄,𝝀;𝟏) , . (𝟐−𝒄,𝝀;𝟏) .(𝟏

𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(𝟏

𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏)

}
 
 

 
 

)

 
 
 

−𝐕.Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

{
 
 

 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷) |

|
(𝒆−𝒄,𝝀;𝟏) , . (𝟐−𝒄,𝝀;𝟏) .( 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏) ( 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

}
 
 

 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒
𝒎,𝒏

 

({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}  
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Fourth Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏

𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏

({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎
  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U

Ī𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄−𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,,𝟐𝝀;𝟏)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏) }

 
 

 
 

)-

V. Ī𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄−𝟏,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟏𝝀;𝟏)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏) }

 
 

 
 

)(5.3.4) 

Provided ʎ>0, Re(c-e+1+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎, Re(c+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 and Re(c-1/2e-

1/2a+1/2+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 , ø>0, |𝒂𝒓𝒈(𝒛)| < 𝜽𝝅/𝟐, where 𝜽 is same as given. Also the 

constants α and β such that none of the expressions 1+α, 1+β, [1+αx+β(1-x)], where 0≤x≤1, 

is not zero. 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.3.4): 

𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝒂)𝚪(𝐞−𝐚)

∗𝐔Ī𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

 
 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆− 𝒄− 𝟏,𝝀;𝟏), . (𝟏− 𝒄,𝝀;𝟏).

(
𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒑(𝒆− 𝒄, 𝝀;𝟏)

(𝒆− 𝒄− 𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏

 (𝜷𝒋,𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏, ,𝟐𝝀;𝟏) (𝟏− 𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏) }

 
 
 
 

 
 
 
 

)

 
 
 
 
 
 
 

−

𝐕. Ī𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆− 𝒄,𝝀;𝟏), . (𝟏− 𝒄,𝝀;𝟏)

. ( 𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂

− 𝒄−𝟏,𝝀;𝟏)
,𝒊
(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒑(𝒆− 𝒄,𝝀;𝟏)

(𝒆− 𝒄,𝝀;𝟏) (𝜷𝒋, 𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏

 (𝜷𝒋, 𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟏𝝀;𝟏) (𝟏
𝟐
− 𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏) }

 
 
 
 

 
 
 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

} 
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Fifth Integral 
∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆+𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟐𝑭𝟏

𝟐 (𝒂, 𝟏 −
𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U

Ī𝒑+𝟒,,𝒒+𝟑
𝒎+𝟏,𝒏+𝟑(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

|
(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄−𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 

(𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄−𝟏,,𝟐𝝀;𝟏)(

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
+
𝟏

𝟐
−𝒄,𝝀;𝟏)

}
 
 

 
 

)-

V. Ī𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
−𝒄𝟏,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄+𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀;𝟏)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏) }

 
 

 
 

)   

………………………………………………………………………………..(5.3.5) 

Provided ʎ>0, Re(c-e+1+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎, Re(c+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 and Re(c-1/2e-

1/2a+1/2+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 , ø>0, |𝒂𝒓𝒈(𝒛)| < 𝜽𝝅/𝟐, where 𝜽 is same as given. Also the 

constants α and β such that none of the expressions 1+α, 1+β, [1+αx+β(1-x)], where 0≤x≤1, 

is not zero. 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.3.5):𝑓(𝑥) =
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)

∗𝐔Ī𝒑+𝟒,,𝒒+𝟑
𝒎+𝟏,𝒏+𝟑

(

 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷)

|

|

|
(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄−𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,,𝟐𝝀;𝟏)(
𝟏
𝟐𝒆
−
𝟏
𝟐𝒂
+
𝟏
𝟐
−𝒄,𝝀;𝟏) }

 
 
 
 

 
 
 
 

)

 
 
 
 
 
 

−𝐕.Ī𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 
 
 
 
 

 
 
 
 
 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷)

|

|

|

| (𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂
−
𝟏
𝟐
−𝒄𝟏,𝝀;𝟏)

,𝒊

(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑
(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄+𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏

 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀;𝟏)

(
𝟏
𝟐
−𝒄+

𝟏
𝟐𝒆
−
𝟏
𝟐𝒂
−𝒄,𝝀;𝟏) }

 
 
 
 
 
 

 
 
 
 
 
 

   

∫ 𝒙𝒄−𝟏 (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎 𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 

mailto:iajesm2014@gmail.com


 International Advance Journal of Engineering, Science and Management (IAJESM) 
ISSN -2393-8048, Juanuary-June 2015, Submitted in February 2015, iajesm2014@gmail.com 

 Volume-3, Issue-I  91 

Ī𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

} 

Sixth Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆−𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)

Ī𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎
  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂+𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)
*UĪ𝒑+𝟑,,𝒒+𝟐

𝒎,𝒏+𝟑 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝟏−𝒄+𝒆,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(𝟏−𝒄+
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝟐𝝀;𝟏)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏)}

 
 

 
 

-

V. Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

| (𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏)

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀;𝟏)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)}

 
 

 
 

   

………………………………………………………………………………..(5.3.6) 

Provided ʎ>0, Re(c-e+1+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎, Re(c+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 and Re(c-1/2e-

1/2a+1/2+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 , ø>0, |𝒂𝒓𝒈(𝒛)| < 𝜽𝝅/𝟐, where 𝜽 is same as given. Also the 

constants α and β such that none of the expressions 1+α, 1+β, [1+αx+β(1-x)], where 0≤x≤1, 

is not zero. 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.3.6): 

𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)
𝒄−𝒆+𝟏

𝚪(𝒂)𝚪(𝐞− 𝐚)
∗

𝐔Ī𝒑+𝟒,,𝒒+𝟑
𝒎+𝟏,𝒏+𝟑

(

 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏 + 𝜶)(𝟏 +𝜷)

|

|

| (𝒆 − 𝒄 − 𝟏,𝝀; 𝟏), . (𝟏 − 𝒄, 𝝀; 𝟏).

(
𝟏
𝟐𝒆+

𝟏
𝟐𝒂 ,−𝒄 𝝀; 𝟏),𝒊

(𝜶𝒋, 𝑨𝒋;  𝒂𝒋)𝒑
(𝒆 − 𝒄, 𝝀; 𝟏)

(𝒆 − 𝒄− 𝟏,𝝀; 𝟏) (𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏

 (𝜷𝒋, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂−𝟐𝒄 − 𝟏, , 𝟐𝝀; 𝟏) (
𝟏
𝟐𝒆−

𝟏
𝟐𝒂+

𝟏
𝟐− 𝒄, 𝝀; 𝟏

) }
 
 
 
 

 
 
 
 

)

 
 
 
 
 
 

−

𝐕. Ī𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 
 
 

 
 
 
 

𝒛
(𝟏 + 𝜶)(𝟏 +𝜷)

|

|

| (𝒆 − 𝒄 − 𝟏, 𝝀; 𝟏), . (𝟏 − 𝒄, 𝝀; 𝟏).

(
𝟏
𝟐𝒆+

𝟏
𝟐𝒂−

𝟏
𝟐− 𝒄𝟏, 𝝀; 𝟏),𝒊

(𝜶𝒋, 𝑨𝒋;  𝒂𝒋)𝒑(𝒆 − 𝒄, 𝝀; 𝟏)

(𝒆 − 𝒄 + 𝟏,𝝀; 𝟏) (𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎−𝟏

 (𝜷𝒋, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂−𝟐𝒄 − 𝟏, 𝟐𝝀;𝟏) (
𝟏
𝟐 − 𝒄 +

𝟏
𝟐𝒆−

𝟏
𝟐𝒂− 𝒄, 𝝀; 𝟏

)}
 
 
 
 

 
 
 
 

)   

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏
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{𝒛
𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

} 

Seventh Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆−𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)

Ī𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎
  

=
𝚪(𝐞)

𝟐𝟐𝒂(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)
*U

Ī𝒑+𝟑,,𝒒+𝟐
𝒎,𝒏+𝟑 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝟏−𝒄+𝒆,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).

(𝟏−𝒄+
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝝀;𝟏)(−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏)}

 
 

 
 

-

V. Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏) 

(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄+𝟏,𝟐𝝀;𝟏)(
𝟑

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)}

 
 

 
 

   

………………………………………………………………………………..(5.3.7) 

Provided ʎ>0, Re(c-e+1+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎, Re(c+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 and Re(c-1/2e-

1/2a+1/2+ʎ) 𝐦𝐢𝐧
𝟏≤𝒋≤𝒎

(𝜷𝒋/𝑩𝒋) > 𝟎 , ø>0, |𝒂𝒓𝒈(𝒛)| < 𝜽𝝅/𝟐, where 𝜽 is same as given. Also the 

constants α and β such that none of the expressions 1+α, 1+β, [1+αx+β(1-x)], where 0≤x≤1, 

is not zero. 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
)
 

Then by definition of probability distribution, we have from (5.3.7):𝑓(𝑥) =
𝚪(𝐞)

𝟐
𝟐𝒂

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆
𝚪(𝐞−𝐚)

∗𝐔Ī𝒑+𝟑,,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝟏−𝒄+𝒆,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).

(𝟏−𝒄+ 𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝝀;𝟏)(−𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏)

}
 
 
 
 
 

 
 
 
 
 

−

𝐕.Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏) 

(
𝟏
𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄+𝟏,𝟐𝝀;𝟏)(𝟑
𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)}

 
 
 
 
 

 
 
 
 
 

∫ 𝒙𝒄−𝟏 (𝟏−𝒙)
𝒄−𝒆−𝟏

[.𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
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Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏
 

{𝒛
𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

} 

5.4 PROOF OF THE INTEGRALS 

In order to prove the integral (5.3.1), we proceed follows: 

Denoting the left hand side of (5.3.1) by I, expressing the Ī-function by means of 

its contour integral as given, we have  

I = ∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟏 −

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)𝑿 (𝟐𝝅𝒊)−𝟏 ∫𝜽(𝒔)

𝒙𝝀𝒙(𝟏−𝒙))𝝀𝒙

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀𝒙
𝒁𝒔ds dx…………………..(5.4.1) 

Now, Change the order of Integration which is seen to be justified by the application of well-

known De L Vallee Poussion’s theorem, We have: 

I = (𝟐𝝅𝒊)−𝟏 ∫𝜽(𝒔) 𝒁𝒔{∫ 𝒙𝒄+𝝀𝒙−𝟏 (𝟏 − 𝒙)𝒄+𝝀𝒙−𝒆[𝟏 + 𝜶𝒙 + 𝜷(𝟏 −
𝟏

𝟎

𝒙)]−𝟐𝒄−𝟐𝝀𝒙+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)  𝒅𝒙 }𝒅𝒔……………………………..(5.4.2) 

Now, if we evaluate the intetgral with help of known result (5.2.1), we have, after little 

simplification 

𝑰 =
𝚪(𝐞)𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)

𝟐𝟐𝒙(𝟏 + 𝜶)𝒆(𝟏 + 𝜷)𝒄−𝒆+𝟏𝚪(𝐞 − 𝐚)𝚪 (
𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)

(𝟐𝝅𝒊)−𝟏𝑿 

∫𝜽(𝒔)
[𝚪(𝐜+𝛌𝐱)𝚪(𝐜+𝛌𝐱−𝐜+𝟏)𝚪(𝒄+𝝀𝒙−

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)]

(𝟏+𝜶)𝝀𝒙(𝟏+𝜷)𝝀𝒙𝚪(𝐜+𝛌𝐱+
𝟏

𝟐𝐚
−
𝟏

𝟐𝐞
+
𝟏

𝟐
)𝚪(𝟐𝒄+𝟐𝝀𝒙−𝒂−𝒄+𝟏)]

𝒁𝒙𝒅𝒔……………(5.4.3) 

On interpreting the result thus obtained with the help of definition of integral 

(1.5.7), We arrive the right hand side of (5.3.1). 

In exactly the same manner, the results (5.3.2) to (5.3.7) can also be established 

with the help of the results (5.2.2.) to (5.2.7), respectively. 

5.5. SPECIAL CASES 

1. In (5.3.1) to (5.3.7) if take aj = 1, j = n+1….., p, we get the following integral 

involving 𝐻̅ – function introduced earlier by Inayat Hussain [68] and Gaur 

[2003]. 

First Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟏 −

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙 

=
𝚪(𝐞)𝚪(

𝟏

𝟐𝐞
−

𝟏

𝟐𝐚
)

𝟐𝟐𝒔(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(
𝟏

𝟐𝐞
+

𝟏

𝟐𝐚
)𝚪(𝐞−𝐚)

*

𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

({
𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

(𝒆−𝒄,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏),𝒊(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(

𝟏

𝟐
+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

}…………..(5.5.1) 

Provided the condition easily obtaible from (5.3.1) are satisfied. Then by definition of 

probability distribution, we have (5.5.1): 
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𝑓(𝑥) =

𝚪(𝐞)𝚪 (
𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)

𝟐𝟐𝒔(𝟏 + 𝜶)𝒄(𝟏 + 𝜷)𝒄−𝒆+𝟏𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚)𝚪

(𝐞 − 𝐚)
∗

𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑 (

{
 
 
 

 
 
 

𝒛
(𝟏 + 𝜶)(𝟏 + 𝜷)

|

|
(𝒆 − 𝒄, 𝝀; 𝟏), . (𝟏 − 𝒄, 𝝀; 𝟏).

(
𝟏
𝟐 − 𝒄 +

𝟏
𝟐𝒆 +

𝟏
𝟐𝒂 , 𝝀; 𝟏),𝒊(𝜶𝒋, 𝑨𝒋;  𝒂𝒋)𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂 − 𝟐𝒄, 𝟐𝝀; 𝟏)(
𝟏
𝟐 +

𝟏
𝟐𝒆 −

𝟏
𝟐𝒂 − 𝒄, 𝝀; 𝟏)}

 
 
 

 
 
 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏
𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere,   ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

} 

Second Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟐 −

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒏
(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒎+𝟏

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙 =  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U

𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏)

.(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(
𝟑

𝟐
+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)}

 
 

 
 

)-

V. 𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏)}

 
 

 
 

)…(5.5.2) 

Provided the condition easily abatable from (5.3.2) are satisfied. Then by definition of 

probability distribution, we have (5.5.2): where 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 , V=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 

Then by definition of probability distribution, we have from (5.5.2): 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

} 
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Third Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 −
𝟏

𝟎

𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U

Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 ({

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(

𝟏

𝟐
+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

})-

V. Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 ({

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

(𝒆−𝒄,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)

})……(5.5.3) 

Provided the condition easily abatable from (5.3.3) are satisfied. Then by definition of 

probability distribution, we have (5.5.3): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 ,V=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 

Then by definition of probability distribution, we have from (5.5.3): 
𝑓(𝑥)

=

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝐞−𝐚)

∗

𝐔Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

 
 
 

{
 
 

 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷) |

|
(𝒆−𝒄,𝝀;𝟏) , . (𝟐−𝒄,𝝀;𝟏) .(𝟏

𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(𝟏

𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏)

}
 
 

 
 

)

 
 
 

−𝐕.Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

{
 
 

 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷) |

|
(𝒆−𝒄,𝝀;𝟏) , . (𝟐−𝒄,𝝀;𝟏) .( 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏) ( 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

}
 
 

 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏
 

({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}  

Fourth Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏

𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏

({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎
  

 

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U 
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𝑯̅𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄−𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,,𝟐𝝀;𝟏)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏) }

 
 

 
 

)-

V. 𝑯̅𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄−𝟏,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟏𝝀;𝟏)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏) }

 
 

 
 

)(5.5.4) 

Provided the condition easily obtaible from (5.3.4) are satisfied. Then by definition of 

probability distribution, we have (5.5.4): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.5.4): 

𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝒂)𝚪(𝐞−𝐚)

∗𝐔𝑯̅̅ ̅̅ 𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

 
 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆− 𝒄−𝟏,𝝀;𝟏), . (𝟏− 𝒄,𝝀;𝟏).

(
𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒑(𝒆− 𝒄, 𝝀;𝟏)

(𝒆− 𝒄−𝟏,𝝀;𝟏) (𝜷𝒋, 𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏

 (𝜷𝒋, 𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏, , 𝟐𝝀;𝟏) (𝟏− 𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏) }

 
 
 
 

 
 
 
 

)

 
 
 
 
 
 
 

−

𝐕.𝑯̅̅ ̅̅ 𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆− 𝒄,𝝀;𝟏), . (𝟏− 𝒄,𝝀;𝟏)

. ( 𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂

− 𝒄−𝟏,𝝀;𝟏)
,𝒊
(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒑(𝒆− 𝒄,𝝀;𝟏)

(𝒆− 𝒄,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏

 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟏𝝀;𝟏) (𝟏
𝟐
− 𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏) }

 
 
 
 

 
 
 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

} 

Fifth Integral 
∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆+𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟐𝑭𝟏

𝟐 (𝒂, 𝟏 −
𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙  

 

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐𝟐𝒂−𝟏(𝟏 + 𝜶)𝒄(𝟏 + 𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞 − 𝐚)
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=*UĪ𝒑+𝟒,,𝒒+𝟑
𝒎+𝟏,𝒏+𝟑(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

|
(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄−𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 

(𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄−𝟏,,𝟐𝝀;𝟏)(

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
+
𝟏

𝟐
−𝒄,𝝀;𝟏)

}
 
 

 
 

)-

V. 𝑯̅𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
−𝒄𝟏,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀;𝟏)

(𝒆−𝒄+𝟏,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀;𝟏)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏) }

 
 

 
 

)   

………………………………………………………………………………..(5.5.5) 

Provided the condition easily obtaible from (5.3.5) are satisfied. Then by definition of 

probability distribution, we have (5.5.5): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.5.5): 

𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)
𝒄−𝒆+𝟏

𝚪(𝒂)𝚪(𝐞−𝐚)

∗ 𝐔𝑯̅̅̅𝒑+𝟒,,𝒒+𝟑

𝒎+𝟏,𝒏+𝟑

(

 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏 +𝜷)

|

|

| (𝒆 − 𝒄 − 𝟏,𝝀; 𝟏), . (𝟏− 𝒄, 𝝀;𝟏).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂
,−𝒄 𝝀;𝟏)

,𝒊
(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒑

(𝒆 − 𝒄, 𝝀; 𝟏)

(𝒆 − 𝒄− 𝟏, 𝝀; 𝟏) (𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏

 (𝜷𝒋, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂− 𝟐𝒄− 𝟏, , 𝟐𝝀;𝟏) (
𝟏
𝟐𝒆
−
𝟏
𝟐𝒂

+
𝟏
𝟐
− 𝒄, 𝝀; 𝟏) }

 
 
 
 

 
 
 
 

)

 
 
 
 
 
 

−𝐕. 𝑯̅̅̅𝒑+𝟐,𝒒+𝟑

𝒎+𝟏,𝒏+𝟐
(

{
 
 
 
 
 
 

 
 
 
 
 
 

𝒛
(𝟏 +𝜶)(𝟏 +𝜷)

|

|

|

|
(𝒆 − 𝒄− 𝟏,𝝀; 𝟏), . (𝟏 − 𝒄, 𝝀; 𝟏).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂

−
𝟏
𝟐
− 𝒄𝟏, 𝝀; 𝟏)

,𝒊

(𝜶𝒋, 𝑨𝒋;  𝒂𝒋)𝒑(𝒆 − 𝒄, 𝝀; 𝟏)

(𝒆 − 𝒄+ 𝟏, 𝝀; 𝟏) (𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎−𝟏

 (𝜷𝒋, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂− 𝟐𝒄− 𝟏,𝟐𝝀;𝟏)

(
𝟏
𝟐
− 𝒄+

𝟏
𝟐𝒆
−
𝟏
𝟐𝒂

− 𝒄, 𝝀; 𝟏) }
 
 
 
 
 
 

 
 
 
 
 
 

   

∫ 𝒙𝒄−𝟏 (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 

Ī𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

} 
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Sixth Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆−𝟏[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏 + 𝜶)𝒙

𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)
)

Ī𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎

 

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂+𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)
*U𝑯̅𝒑+𝟑,,𝒒+𝟐

𝒎,𝒏+𝟑
(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝟏−𝒄+𝒆,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).

(𝟏−𝒄+
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝟐𝝀;𝟏)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏)}

 
 

 
 

-

V. 𝑯̅(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

| (𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏)

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀;𝟏)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)}

 
 

 
 

   

………………………………………………………………………………..(5.5.6) 

Provided the condition easily obtaible from (5.3.6) are satisfied. Then by definition of 

probability distribution, we have (5.5.6): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.5.6): 

𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞− 𝐚)
∗

𝐔𝑯̅̅̅̅𝒑+𝟒,,𝒒+𝟑

𝒎+𝟏,𝒏+𝟑

(

 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏 +𝜶)(𝟏+ 𝜷)

|

|

| (𝒆 − 𝒄 − 𝟏, 𝝀; 𝟏), . (𝟏− 𝒄, 𝝀; 𝟏).

(
𝟏
𝟐𝒆 +

𝟏
𝟐𝒂 ,−𝒄 𝝀; 𝟏

)
,𝒊
(𝜶𝒋, 𝑨𝒋;  𝒂𝒋)𝒑

(𝒆 − 𝒄, 𝝀; 𝟏)

(𝒆 − 𝒄 − 𝟏, 𝝀; 𝟏) (𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏

 (𝜷𝒋, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂− 𝟐𝒄− 𝟏, , 𝟐𝝀;𝟏) (
𝟏
𝟐𝒆−

𝟏
𝟐𝒂+

𝟏
𝟐− 𝒄, 𝝀;𝟏

) }
 
 
 
 

 
 
 
 

)

 
 
 
 
 
 

−

𝐕. 𝑯̅̅̅̅𝒑+𝟐,𝒒+𝟑

𝒎+𝟏,𝒏+𝟐
(

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+ 𝜶)(𝟏+𝜷)

|

|

| (𝒆 − 𝒄− 𝟏, 𝝀;𝟏), . (𝟏 − 𝒄, 𝝀;𝟏).

(
𝟏
𝟐𝒆 +

𝟏
𝟐𝒂−

𝟏
𝟐− 𝒄𝟏, 𝝀;𝟏

)
,𝒊
(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒑(𝒆 − 𝒄,𝝀; 𝟏)

(𝒆 − 𝒄 + 𝟏, 𝝀;𝟏) (𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎−𝟏

 (𝜷𝒋, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂− 𝟐𝒄− 𝟏,𝟐𝝀;𝟏) (
𝟏
𝟐 − 𝒄 +

𝟏
𝟐𝒆−

𝟏
𝟐𝒂− 𝒄,𝝀; 𝟏

)
}
 
 
 
 

 
 
 
 

)   

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere,  ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏
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{𝒛
𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

} 

 

Seventh Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆−𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)

𝑯̅𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎
  

=
𝚪(𝐞)

𝟐𝟐𝒂(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)
*U

𝑯̅𝒑+𝟑,,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝟏−𝒄+𝒆,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏).

(𝟏−𝒄+
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝝀;𝟏)(−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏)}

 
 

 
 

-

V. 𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀;𝟏),.(𝟐−𝒄,𝝀;𝟏) 

(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄+𝟏,𝟐𝝀;𝟏)(
𝟑

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀;𝟏)}

 
 

 
 

   

………………………………………………………………………………..(5.5.7) 

Provided the condition easily obtaible from (5.3.7) are satisfied. Then by definition of 

probability distribution, we have (5.5.7): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
)
 

Then by definition of probability distribution, we have from (5.5.7): 

𝑓(𝑥) =

𝚪(𝐞)

𝟐
𝟐𝒂

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆
𝚪(𝐞−𝐚)

∗𝐔𝑯̅̅ ̅̅ ̅𝒑+𝟑,,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷)

|

|

|

| (𝟏−𝒄+𝒆,𝝀;𝟏) , . (𝟐−𝒄,𝝀;𝟏) .

(𝟏−𝒄+ 𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝝀;𝟏) (−𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏)

}
 
 
 
 
 

 
 
 
 
 

−

𝐕.𝑯̅̅ ̅̅ ̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷)

|

|

|

| (𝒆−𝒄−𝟏,𝝀;𝟏) , . (𝟐−𝒄,𝝀;𝟏) 

(
𝟏
𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄+𝟏,𝟐𝝀;𝟏) (𝟑
𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

}
 
 
 
 
 

 
 
 
 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆−𝟏

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere,   ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

mailto:iajesm2014@gmail.com


 International Advance Journal of Engineering, Science and Management (IAJESM) 
ISSN -2393-8048, Juanuary-June 2015, Submitted in February 2015, iajesm2014@gmail.com 

 Volume-3, Issue-I  100 

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) Ī𝒑,𝒒

𝒎,𝒏
 

{𝒛
𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋; 𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋, 𝑩𝒋; 𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷, 𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

} 

2. In (5.3.1) to (5.3.7) if take aj = 1,….,n,and bj =1, j=m+1,….., q, we get the 

following integral involving 𝐻̅ – function introduced earlier by Fox[52]. 

First Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟏 −

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋;𝒂𝒋)𝒋

⬚

𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙  

=
𝚪(𝐞)

𝟐𝟐𝒔(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪𝚪(𝐞−𝐚)
*

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)
𝑿𝑯̅𝒑+𝟑,𝒒+𝟐

𝒎,𝒏+𝟑 ({
𝒛

(𝟏+𝜶)(𝟏+𝜷)
|

(𝒆−𝒄,𝝀;𝟏),.(𝟏−𝒄,𝝀;𝟏).(
𝟏
𝟐
−𝒄+

𝟏
𝟐𝒆
+
𝟏
𝟐𝒂
,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏)(

𝟏
𝟐
+
𝟏
𝟐𝒆
−
𝟏
𝟐𝒂
−𝒄,𝝀;𝟏)

}………….

.(5.5.8) 

Provided the condition easily obtaible from (5.3.1) are satisfied. Then by definition of 

probability distribution, we have (5.5.8): 

𝑓(𝑥) =

𝚪(𝐞)

𝟐𝟐𝒔(𝟏 + 𝜶)𝒄(𝟏 + 𝜷)𝒄−𝒆+𝟏𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚)𝚪

(𝐞 − 𝐚)
∗
𝚪 (

𝟏
𝟐𝐞 −

𝟏
𝟐𝐚)

𝚪 (
𝟏
𝟐𝐞 +

𝟏
𝟐𝐚)

𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑 (

{
 
 
 

 
 
 

𝒛
(𝟏 + 𝜶)(𝟏 + 𝜷)

|

| (𝒆 − 𝒄, 𝝀), . (
𝟏
𝟐 − 𝒄 +

𝟏
𝟐𝒆 +

𝟏
𝟐𝒂 , 𝝀) .

(𝜶𝒋, 𝑨𝒋)𝒑

(𝜷𝒋, 𝑩𝒋)𝒋

⬚

𝒒
 

(𝒆 + 𝒂 − 𝟐𝒄, 𝟐𝝀)(
𝟏
𝟐 +

𝟏
𝟐𝒆 −

𝟏
𝟐𝒂 − 𝒄, 𝝀; )}

 
 
 

 
 
 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏
𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere,   ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

} 

Second Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟏𝑭𝟏
𝟐 (𝒂, 𝟐 −

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒊

⬚

𝒑

 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

}𝒅𝒙 =  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*{ 
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𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
)
𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 (

{
  
 

  
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|
(𝒆−𝒄,𝝀),.(𝟐−𝒄,𝝀)

.(𝟏𝟐−𝒄+
𝟏
𝟐𝒆+

𝟏
𝟐𝒂,𝝀),𝒊

(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀)(𝟑𝟐+
𝟏
𝟐𝒆−

𝟏
𝟐𝒂−𝒄,𝝀)}

  
 

  
 

)-

 
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝐞
+
𝟏

𝟐𝐚
−𝟏)

. 𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 (

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀),.(𝟐−𝒄,𝝀).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋;)𝒑

(𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀)}
 
 

 
 

)…………………………

………………..(5.5.9) 

Provided the condition easily abatable from (5.3.2) are satisfied. Then by definition of 

probability distribution, we have (5.5.9): where 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 , V=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 

Then by definition of probability distribution, we have from (5.5.9): 

𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝒂)𝚪(𝐞−𝐚)

∗𝐔𝑯̅̅ ̅̅ 𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

 
 
 
 
 
 
 
 

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷)

|

|

| (𝒆−𝒄,𝝀) , . (𝟐−𝒄,𝝀) .

(
𝟏
𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀) (𝟑
𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀)

}
 
 
 
 
 

 
 
 
 
 

)

 
 
 
 
 
 
 
 

−𝐕.𝑯̅̅ ̅̅ 𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷)

|

|

| (𝒆−𝒄,𝝀) , . (𝟐−𝒄,𝝀) .

(
𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
−𝒄,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟐𝝀)(𝟏−𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀)

}
 
 
 
 
 

 
 
 
 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

} 

Third Integral 

∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 −
𝟏

𝟎

𝒙)]−𝟐𝒄+𝒆+𝟏𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋;)𝒋

⬚

𝒒

}𝒅𝒙  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝐞−𝐚)
*U 

𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

({
𝒛

(𝟏+𝜶)(𝟏+𝜷)
|
(𝒆−𝒄,𝝀),.(𝟐−𝒄,𝝀).(

𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀)(

𝟏

𝟐
+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀)

})- 
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V. 𝑯𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏 ({

𝒛

(𝟏+𝜶)(𝟏+𝜷)
|
(𝒆−𝒄,𝝀),.(𝟐−𝒄,𝝀).(

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀)(

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀)

})……(5.5.10) 

Provided the condition easily abatable from (5.3.3) are satisfied. Then by definition of 

probability distribution, we have (5.5.10): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 

Then by definition of probability distribution, we have from (5.5.10): 

𝑓(𝑥) =

𝚪(𝐞)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝐞−𝐚)

∗

𝐔Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

(

 
 
 

{
 
 

 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷) |

|
(𝒆−𝒄,𝝀) , . (𝟐−𝒄,𝝀) . (𝟏

𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀;𝟏) (𝟏

𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀)

}
 
 

 
 

)

 
 
 

+𝐕.Ī𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟏

(

{
 
 

 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷) |

|
(𝒆−𝒄,𝝀;𝟏) , . (𝟐−𝒄,𝝀;𝟏) .( 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
−𝒄,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋; )𝒑

(𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎+𝟏
 (𝜷,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄,𝟐𝝀) ( 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
−𝒄,𝝀)

}
 
 

 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 

({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋𝒂𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

}  

Fourth Integral 
∫ ∫ 𝒙

𝒄−𝟏
 (𝟏 − 𝒙)𝒄−𝒆[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆+𝟐𝑭𝟏

𝟐 (𝒂, 𝟐 −
𝟏

𝟎

𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙
𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|
(𝜶𝒋 ,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋;)𝒋

⬚

𝒒

} 𝒅𝒙  

=
𝚪(𝐞)𝚪(𝒂−𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟏𝚪(𝒂)𝚪(𝐞−𝐚)
*U

𝑯̅𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀),.(𝟏−𝒄,𝝀).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,−𝒄 𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋;)𝒑

(𝒆−𝒄,𝝀)

(𝒆−𝒄−𝟏,𝝀) (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,,𝟐𝝀)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀)}
 
 

 
 

)-

V. 𝑯̅𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄,𝝀),.(𝟏−𝒄,𝝀).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝒄−𝟏,𝝀;𝟏)

,𝒊
(𝜶𝒋,𝑨𝒋; 𝒂𝒋)𝒑

(𝒆−𝒄,𝝀)

(𝒆−𝒄,𝝀;𝟏) (𝜷𝒋,𝑩𝒋;𝟏)𝒋

⬚

𝒎.𝒎−𝟏
 (𝜷𝒋,𝑩𝒋;𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄,𝟏𝝀;𝟏)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀;𝟏) }

 
 

 
 

)(5.5.11) 

Provided the condition easily obtaible from (5.3.4) are satisfied. Then by definition of 

probability distribution, we have (5.5.11): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)
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Then by definition of probability distribution, we have from (5.5.11): 

𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐
𝟐𝒂−𝟏

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝒂)𝚪(𝐞−𝐚)

∗𝐔𝑯̅̅ ̅̅ 𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

 
 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆− 𝒄−𝟏,𝝀), . (𝟏− 𝒄,𝝀).

(
𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
,−𝒄 𝝀)

,𝒊
(𝜶𝒋, 𝑨𝒋)𝒑(𝒆− 𝒄, 𝝀)

(𝒆− 𝒄−𝟏,𝝀)  (𝜷𝒋,𝑩𝒋; 𝒃𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏, ,𝟐𝝀) (𝟏−𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀)}

 
 
 
 

 
 
 
 

)

 
 
 
 
 
 
 

−

𝐕.𝑯̅̅ ̅̅ 𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐

(

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆− 𝒄,𝝀), . (𝟏−𝒄,𝝀)

. ( 𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂

−𝒄−𝟏,𝝀)
,𝒊
(𝜶𝒋, 𝑨𝒋)𝒑(𝒆− 𝒄,𝝀)

(𝒆− 𝒄,𝝀)  (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐−𝟏,𝟐𝝀;𝟏) (𝟏
𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀;𝟏)}

 
 
 
 

 
 
 
 

∫ 𝒙𝒄−𝟏 (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅̅̅𝒑,𝒒

𝒎,𝒏
({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

} 

Fifth Integral 
∫ 𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆+𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆−𝟐𝑭𝟏

𝟐 (𝒂, 𝟏 −
𝟏

𝟎

𝜶, 𝒆:
(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅𝒑,𝒒

𝒎,𝒏({𝒛
𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

}𝒅𝒙  

=
𝚪(𝐞)

𝟐𝟐𝒂(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆+𝟐𝚪(𝐞−𝐚)
*U

𝑯̅𝒑+𝟒,,𝒒+𝟑
𝒎+𝟏,𝒏+𝟑(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |
|

(𝒆−𝒄−𝟏,𝝀),.(𝟏−𝒄,𝝀).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,−𝒄 𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

(𝒆−𝒄,𝝀)

(𝒆−𝒄+𝟏,𝝀)

(𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒
(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀)(

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
+
𝟏

𝟐
−𝒄,𝝀)

}
 
 

 
 

)-

V. 𝑯̅𝒑+𝟐,𝒒+𝟑
𝒎+𝟏,𝒏+𝟐(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀),(𝟏−𝒄,𝝀).

(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
−𝒄𝟏,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

(𝒆−𝒄,𝝀)

(𝒆−𝒄+𝟏,𝝀) (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀)}

 
 

 
 

)   

………………………………………………………………………………..(5.5.12) 

Provided the condition easily obtaible from (5.3.5) are satisfied. Then by definition of 

probability distribution, we have (5.5.12): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.5.5): 
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𝑓(𝑥) =

𝚪(𝐞)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆+𝟏
𝚪(𝐞−𝐚)

∗𝐔𝑯̅̅̅̅𝒑+𝟒,,𝒒+𝟑

𝒎+𝟏,𝒏+𝟑

(

 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+ 𝜶)(𝟏+𝜷)

|

|

| (𝒆− 𝒄− 𝟏,𝝀), (𝟏 − 𝒄, 𝝀).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂

,−𝒄 𝝀)
,𝒊
(𝜶𝒋, 𝑨𝒋)𝒑

(𝒆− 𝒄, 𝝀)

(𝒆 − 𝒄− 𝟏,𝝀)  (𝜷
𝒋
, 𝑩𝒋)

𝒋

⬚

𝒒

(𝒆 + 𝒂−𝟐𝒄− 𝟏, , 𝟐𝝀) (
𝟏
𝟐𝒆
−
𝟏
𝟐𝒂

+
𝟏
𝟐
− 𝒄, 𝝀)}

 
 
 
 

 
 
 
 

)

 
 
 
 
 
 

−𝐕. 𝑯̅̅̅̅𝒑+𝟐,𝒒+𝟑

𝒎+𝟏,𝒏+𝟐
(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏 +𝜶)(𝟏+ 𝜷)

|

|

|
(𝒆 − 𝒄− 𝟏,𝝀), (𝟏− 𝒄, 𝝀).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂

−
𝟏
𝟐
− 𝒄𝟏, 𝝀)

,𝒊

(𝜶𝒋, 𝑨𝒋)𝒑(𝒆 − 𝒄, 𝝀)

(𝒆− 𝒄+ 𝟏,𝝀)

 (𝜷
𝒋
,𝑩𝒋)

𝒋

⬚

𝒒

(𝒆+ 𝒂−𝟐𝒄− 𝟏,𝟐𝝀)

(
𝟏
𝟐
− 𝒄+

𝟏
𝟐𝒆
−
𝟏
𝟐𝒂

− 𝒄, 𝝀) }
 
 
 
 
 

 
 
 
 
 

   

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere, ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 

𝑯̅𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋)𝒋

⬚

𝒑

 (𝜷, 𝑩𝒋)𝒋

⬚

𝒒

} 

Sixth Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆−𝟏[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐 (𝒂,−𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)

𝑯̅𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎
  

=
𝚪(𝐞)

𝟐𝟐𝒂+𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)
*U

𝑯̅𝒑+𝟑,,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝟏−𝒄+𝒆,𝝀),.(𝟏−𝒄,𝝀).

(𝟏−𝒄+
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝟐𝝀)(𝟏−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀)}
 
 

 
 

-

V. 𝑯̅(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

| (𝒆−𝒄−𝟏,𝝀),.(𝟏−𝒄,𝝀)

 (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄−𝟏,𝟐𝝀)(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀)}

 
 

 
 

   

………………………………………………………………………………..(5.5.13) 

Provided the condition easily obtaible from (5.3.6) are satisfied. Then by definition of 

probability distribution, we have (5.5.13): 

U=
𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−𝟏)

 

Then by definition of probability distribution, we have from (5.5.13): 
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𝑓(𝑥) =

𝚪(𝐞)𝚪(𝒂 − 𝟏)

𝟐𝟐𝒂−𝟏(𝟏+𝜶)𝒄(𝟏+𝜷)
𝒄−𝒆+𝟏

𝚪(𝒂)𝚪(𝐞−𝐚)
∗

𝐔𝑯̅̅̅𝒑+𝟒,,𝒒+𝟑

𝒎+𝟏,𝒏+𝟑

(

 
 
 
 
 
 

{
 
 
 
 

 
 
 
 

𝒛
(𝟏 +𝜶)(𝟏+𝜷)

|

|

| (𝒆 − 𝒄− 𝟏,𝝀), (𝟏 − 𝒄, 𝝀).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂
,−𝒄 𝝀)

,𝒊
(𝜶𝒋, 𝑨𝒋; )𝒑

(𝒆 − 𝒄, 𝝀)

(𝒆 − 𝒄− 𝟏, 𝝀) (𝜷𝒋, 𝑩𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂− 𝟐𝒄− 𝟏, , 𝟐𝝀) (
𝟏
𝟐𝒆
−
𝟏
𝟐𝒂

+
𝟏
𝟐
− 𝒄, 𝝀)}

 
 
 
 

 
 
 
 

)

 
 
 
 
 
 

−

𝐕. 𝑯̅̅̅𝒑+𝟐,𝒒+𝟑

𝒎+𝟏,𝒏+𝟐
(

{
 
 
 
 

 
 
 
 

𝒛
(𝟏+𝜶)(𝟏+𝜷)

|

|

| (𝒆 − 𝒄− 𝟏, 𝝀), (𝟏− 𝒄, 𝝀).

(
𝟏
𝟐𝒆
+
𝟏
𝟐𝒂

−
𝟏
𝟐
− 𝒄𝟏, 𝝀)

,𝒊
(𝜶𝒋, 𝑨𝒋)𝒑(𝒆 − 𝒄, 𝝀)

(𝒆 − 𝒄+ 𝟏,𝝀)  (𝜷𝒋, 𝑩𝒋)𝒋

⬚

𝒒

(𝒆 + 𝒂− 𝟐𝒄− 𝟏,𝟐𝝀) (
𝟏
𝟐
− 𝒄+

𝟏
𝟐𝒆
−
𝟏
𝟐𝒂

− 𝒄,𝝀)}
 
 
 
 

 
 
 
 

)   

∫ 𝒙𝒄−𝟏 (𝟏−𝒙)
𝒄−𝒆

[.𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere,  ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟐 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅̅̅𝒑,𝒒

𝒎,𝒏
 

{𝒛
𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋)𝒋

⬚

𝒑

(𝜷,𝑩𝒋)𝒋

⬚

𝒒

} 

Seventh Integral 

∫

𝒙𝒄−𝟏 (𝟏 − 𝒙)𝒄−𝒆−𝟏[. 𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]−𝟐𝒄+𝒆𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
)

𝑯̅𝒑,𝒒
𝒎,𝒏({𝒛

𝒙𝝀(𝟏−𝒙)𝝀

[𝟏+𝜶𝒙+𝜷(𝟏−𝒙)]𝟐𝝀
|

(𝜶𝒋,𝑨𝒋)𝒋

⬚

𝒑

 (𝜷,𝑩𝒋)𝒋

⬚

𝒒

}𝒅𝒙

𝟏

𝟎
  

=
𝚪(𝐞)

𝟐𝟐𝒂(𝟏+𝜶)𝒄(𝟏+𝜷)𝒄−𝒆𝚪(𝐞−𝐚)
*U𝑯̅𝒑+𝟑,,𝒒+𝟐

𝒎,𝒏+𝟑
(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝟏−𝒄+𝒆,𝝀),.(𝟐−𝒄,𝝀).

(𝟏−𝒄+
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝝀)(−𝒄+
𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
,𝝀)}
 
 

 
 

-V. 𝑯̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 

 
 

𝒛

(𝟏+𝜶)(𝟏+𝜷) |

|

(𝒆−𝒄−𝟏,𝝀),.(𝟐−𝒄,𝝀) 

(
𝟏

𝟐
−𝒄+

𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄+𝟏,𝟐𝝀)(
𝟑

𝟐
−𝒄+

𝟏

𝟐𝒆
−
𝟏

𝟐𝒂
−𝒄,𝝀)}

 
 

 
 

   

………………………………………………………………………………..(5.5.14) 

Provided the condition easily obtaible from (5.3.7) are satisfied. Then by definition of 

probability distribution, we have (5.5.14): 

U=
𝚪(

𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
+
𝟏

𝟐
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
−
𝟏

𝟐
)
 ,V=

𝚪(
𝟏

𝟐𝐞
−
𝟏

𝟐𝐚
)

𝚪(
𝟏

𝟐𝒆
+
𝟏

𝟐𝒂
)
 

Then by definition of probability distribution, we have from (5.5.14): 
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𝑓(𝑥) =

𝚪(𝐞)

𝟐
𝟐𝒂

(𝟏+𝜶)
𝒄
(𝟏+𝜷)

𝒄−𝒆
𝚪(𝐞−𝐚)

∗𝐔𝑯̅̅ ̅̅ ̅𝒑+𝟑,,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷)

|

|

|

| (𝟏−𝒄+𝒆,𝝀) , . (𝟐−𝒄,𝝀) .

(𝟏−𝒄+ 𝟏
𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋)𝒑

 (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝟏−𝟐𝒄+𝒆+𝒂,𝝀) (−𝒄+ 𝟏
𝟐𝒆
− 𝟏
𝟐𝒂
,𝝀)

}
 
 
 
 
 

 
 
 
 
 

−

𝐕.𝑯̅̅ ̅̅ ̅𝒑+𝟑,𝒒+𝟐
𝒎,𝒏+𝟑

(

{
 
 
 
 
 

 
 
 
 
 

𝒛
(𝟏+𝜶) (𝟏+𝜷)

|

|

|

| (𝒆−𝒄−𝟏,𝝀) , (𝟐−𝒄,𝝀) 

(
𝟏
𝟐
−𝒄+ 𝟏

𝟐𝒆
+ 𝟏
𝟐𝒂
,𝝀)

,𝒊
(𝜶𝒋,𝑨𝒋; )𝒑

 (𝜷𝒋,𝑩𝒋)𝒋

⬚

𝒒

(𝒆+𝒂−𝟐𝒄+𝟏,𝟐𝝀) (𝟑
𝟐
−𝒄+ 𝟏

𝟐𝒆
− 𝟏
𝟐𝒂
−𝒄,𝝀)

}
 
 
 
 
 

 
 
 
 
 

∫ 𝒙𝒄−𝟏  (𝟏−𝒙)
𝒄−𝒆−𝟏

[.𝟏+𝜶𝒙+𝜷 (𝟏−𝒙)]
−𝟐𝒄+𝒆𝟏

𝟎
𝒅𝒙

 

=0  

Elsewhere,   ∫ 𝑓(𝑥)𝑑𝑥 = 1
1

0
 

Where  

f(x) = 𝑭𝟏
𝟐 (𝒂, 𝟏 − 𝜶, 𝒆:

(𝟏+𝜶)𝒙

𝟏+𝜶𝒙+𝜷(𝟏−𝒙)
) 𝑯̅̅̅𝒑,𝒒

𝒎,𝒏
 

{𝒛
𝒙𝝀(𝟏 − 𝒙)𝝀

[𝟏 + 𝜶𝒙 + 𝜷(𝟏 − 𝒙)]𝟐𝝀
|

(𝜶𝒋, 𝑨𝒋)𝒋

⬚

𝒑

 (𝜷, 𝑩𝒋)𝒋

⬚

𝒒

} 

Similarly, other result can also be obtained. 
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