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Abstract
In this paper, we introduce and study a new subclass of analytic function with negative
coefficients which is defined by using generalized Salagean operator in the unit disc. By giving
specific values of we obtain important classes studied by various researchers in earlier work. In
fact, an attempt has been made to have a unified and detailed study of uniformly convex
functions. The result presented by here included coefficient estimates. distortion theorem,
closure theorem etc. of several functions belonging to this class.
Keywords: analytic, univalent, Salagean operator Uniformly convex function, starlike functions,
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1 Introduction
LetAj (jeN =123 ....cc....... ) denote the class of functions of the form

f(2)=2"+3 8,27,
n=2

which are analytic in the unit disc E={ z&C |z|<1}.For function f(z) in A;, Al-Oboudi [1]
defined

D° f(2)=f(2)

D! f(2)=(1-A) f(2)+ 22 f'(2)=D, f(2) >0

D" f(2)=D, D" f(2)

=i+ (k+ p-2)4] A
Then D] f(2)=2z" + [ EI 7l
3 ( ) ; (1—/1+/1p) k+p-1
If we put 1 =1, we have Salagean operator introduced by Salagean [9].
With help of Salagean operator D;,we say that the function f(z) belonging to A; is in

S(n, m, j, a, 4), if and only if
re| DETT@) ], DI (@)
D; f(z) D;f(2)
for some o >0and forall ze E
Let T, denote the subclass of consisting of functions of the form

f(@)=2" = 20,.2"" By 20)
(1)

Further, we define the class T (n, m, j, «, 1) by
T(nm, j,a A)=S(hm, ja )T,
By giving a specific values of n, m, j, « and A, we obtain imported classes studied by various
researchers in earlier works (see [2], [3], [5], [6], [8], [11]).
In view of this remark we see that a study of the class T (n, m, j, &, 4) leads to unified results on
properties of various subclasses of multivalent function.
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2. Main Results
In this section, we give some result for the class. Our first result is contained in the following
theorem.
Theorem 2.1. Let the function f(z) be defined by (1), then f(z) belongto T(n, m, j, &, 1), if
and only if
S+ (k+ p-2aT [0+ (k+ p-2A) (@ +1)-ala,,, , <1 ®)
k=2
The result is sharp.
Proof. Assume that f(z) e T(n, m, j, a, A), Then by definition

Re M ZaDi—f(Z)_ . zeE.
| D} f(z)

D; f(z)
equivalently

L+ (k+p-2)A]"" kepd
Re Z;‘ (1-2+p) Brpi?

= [+ (k+p-2)A]"" cpt
; (1-2+p) Brpa?

= i+ (k+ p-2)A] cpt e [1+(k+p 2)A" cpt
Z;‘ (1—A+p) Phap? nz;‘ (1—A+p) Berpa?
=N+ (k+p-2)A"" ~ =i+ (k+ p—2)A"" ~
- Z;‘[ (- /1+/1p)] B2 Lo Z; (1- /1+/1p)] Bpal”
=Re| —= > & -
1— Z[l"'g-k‘;i/;))l] a‘k+p-1zk_1 1— Z[l"'(k"‘p 2)1] ZL
n=2

a
Z (1-a+2p)
= [+ (k+p-2)A]"" 1+(k+p-2)A B}
ylekrp-2A" o Sfrkep-2al,
~ (1-A+p) = (1-2+4p)
[+ (k+p-2)4] !
Z ak+p—1Z
=~ (1-21+4p)
Choosing values of z on the real so that left side of (3) is real and letting z — 1, we get

1+ (k+p-2)a]"" SR+ k+p=2A]"" | | L+ (k+p-2)A]
{l Z (@1-A+p) akwl}ZaZH @—A+p) } { Herps

n=2 n=2 (1_ﬂ'+ﬂ'p)

=

‘ 3)

S L+ k+p=2A"" | | L+ (k+p-2)4] o [+ (k+ p—2)A]""
a;l:{ (1—/1+lp) (1—ﬂ+ﬂp) A ipa é (1—l+ﬂ,p) Ay pa <1

which yields
=+ (k+ p-2)A""
2 A+ ) ()l G p-2AT e, <1
Conversely, suppose that (2) is true for z € E , then

D2+mf(2) D2+mf(z) ~
Re[w}"‘—mf(z) 120

© l+(k+ p— 2)l]n+m 7 © 1+(k+ p— Z)l]mm [l+(k+ p_z)ﬂ]n
{ Z=2: 12+ 2p] ak”’_l_ Zﬂ [L-2+4p] } { i) e
If
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_1_ N {[1+(k+ p—2)ﬂ]mm :|ak+p_1|z|k1_ Z[1+(k+ p- 2)1

1+ k+ p-2)a]" 1]ak+p L7

[1- 2+ 4p] & i+ ip] .
. n°0221+(1|<+/1|o+ );)]ﬂ] a2 21+[(]-k+lp+ii)]g] o
that is, if
;[1+[(1k+;+/12 W o saetcr p-207-ola,., <1

This completes the proof.
Corollary 2.1. Let the function f(z) defined by (1) is in the class T (n, m, j, @, 1) then

0<g, < 1 k>2

h*{fjﬂ:ﬁ}” w2+ (k+ p-2)2) —a]

This result is sharp for the function

Zk—i

f(2)=z- 4

L+(k+p-2)]

i A+ o] [(a+1)(1+(k+p 2)A —a]

Theorem 2.2. Let the function 0> e, <a,, then T(n, m, j, &, 1) 2T(n, M, j, a, 1),
Proof. Let the function f(z) defined by (1) be in the class f(z)eT(n, m, j, a, ;t) then by

theorem (2.1),
Assume that f(z) T (n, m, j, o, A), then by definition

Re_DSTf(S)}ZalD[’;Tf(S)—A‘, zeE.
equivalently
e R
rr ] s s
-Re - i1+(k+p VI =% . i1+(k+p 2L, B

~  (1-1+4p) Brp ~  (1-2+p) Berp
=+ (k+p- 2)@]”+m &+ (k+p-2)A] -
ZZ: (1-A+4p) Herpa? Z; (1-A+4p) erpa?

L Z L+ k+p-2)a] i,
&~ (1-A+4p)
Choosing values of z on the real so that left side of (5) is real and letting z — 1, we get

©)

k-1
4z
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1+(k+p A" o[t (k+p=2A]"" | [L+(k+p-2)A]
{1 % s }“ZH a-2+2p) } [ a—aep) [

L+ (k+p-2A" | [+ (k+p-2)2] < it (k+ p-2)A]"
B “Z;H (1=2+7p) } { (1-2+4p) H k+pl+kz;‘ (1-A+4p) Bups =1

which yields

i L+ (k+p-2)A""
k=2 [1_/1"'/1[)]
and for f(z) eT(n, m, j, a,, /I), then by definition

(e +1) i+ (k+ p-2)AT" - a2, , <1

Re_DSTf(S)} > a, DSTf(S)—J{ zeE.
equivalently
e g e
g e g AT
st ) g
-Re .~ Z‘C:1+(k+p DAL, 3 & n_i[1+(k+p 24 . e

a
~  (1-a+4p) P = (@-A+ap) 7

Zw:1+(k+p 2),1]”““ ra? _Z[1+(k+p 2)AJ" I

_, |2 (-2+p) & (1=A+ap)T ®)
il+(k+p V)
& (1-A+ap)

Choosing values of z on the real so that left side of (6) is real and letting z —> 1, we get
1+ (k+p-2)A]"" = L+ (k+p=2)A"" 1+(k+p-2)Al
-3 (p)]ak+p12a22[(p)] | Brberp-al
~  (1-1+p) ~ (1-A+4p) (1-A+4p)

oy Z|:|: 1+ (k+p- 2)/1]n+m :| |:[1+ (k+p- 2)1]” Ilampl + i [1+ (k+p- Z)A]Mm A pa <1

~ (1-A+p) (@1—A+p) ~  (1-A+p)

which yields
=+ (k+ p-2)A]"" .
1)1+ (k —2DA| - <1

kzzz: [l—ﬂ—kﬂ,p] [(0!2 + )[ +( +p ) ] a2:|ak+p71
Now we have

= [+ (k+ p-2)A]""
kzzzl [1- 2+ p]
Consequently

i [+ Kk +p-2)a]""
k=2 [L—2+p]

(e, +1) 1+ (k+ p-2)2]" -, ] &y, 4 <1

(e +1) it (k+ p-2)A]" - a2, .,

& 1agesm
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1+(k+p 2)A m
_kZ; A 7p] [(a2+1) [1+(k+ p—2)4] —az}aw,l.

This completes the proof of theorem (2.2) with the help of theorem (2.1)
Theorem 2.3 For >0, T(n+1, m, j,a, A)< T(n, m, j, @, 2).
Proof. Let the function f(z) defined by (1) be in the class T (n +1,m, J, a, ﬂ) then by theorem

(2.1),
Assume that f(z) T (n+1, m, j, a, 1), then by definition

]n+m

Re:%}ZOZ Iﬁ%}f((zz)) —4, zeE.
equivalently
s R = e
Z“’; 1+(1k +/£L /;)))/1] a2 g[“(lk +/£r /;))/1] ., 2
NEE o Rt
1- nﬁ;[lﬂlk +/£r /lz))/i] a,., 2" ;[LL(lk +/1rir /i)));t] e
3 Z 1+(|; + 5+ %] L8 k_l_;[1+(§k_+ﬂi—/1i))l] o .
1 ot \

Choosing values of z on the real so that left side of (7) is real and letting z —1, we get

g, osfitee s ke s,

n=2 n=2

=>a Z|:|:[1+(k+ p— 2)&]”+mi| {[1+(k+ p_2),1]” :|:|ak+p_1+i[l+(k+ p_z)l]mm _1_1

1-2+p) (1-2+p) = (1-A+4p) Frp

n=2
which yields
i 1+ (k+p-2)A""
k=2 [1_2*4'1’3]
and for class T (n, m, j, &, 1)
Assume that f(z) T (n, m, j, a, ), then by definition

(e +1) i+ (k+ p-2)4T" - aa,,, , <1

Re M ZaDﬂ—f(Z)_ , zeE.
| D}f(z) D} f(z)
equivalently
L+ (k+ p-2)A]"" S [L+ (k+p-2)A]"
Re Z; (1-2+2p) Frpa? - Z; (1-2+2p) Fop? ~
= i+ (k+p-2)4 o =L+ (k+p-2)4 +p
ZZ 1 /’L+/’Lp) ] ak+pflzk Pt ZZ[ 1 ﬂ,+ﬂ,p)] ak+pflzk p-L
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=L k+p-2)A]"" 1 [+ (k+p-2)A]"" -
1-
~Re nz;'[ (1- /1+zp)] erpa? - Z;' (1- ﬂ,+/1p)] Horpa? ~
=+ (k+p-2)A _ z 1+(k+p A" _
- Z; (1-2+p) il - Z; (1-2+p) il
=+ (k+p- 2)1]”““ = [+ (k+p-2)A] -
a”z_; (1-2+2p) Horp-a? Z;' (1-2+2p) Ferp-a? ®
oy rberp=2af
= (1-a+ap)

Choosing values of z on the real so that left side of (8) is real and letting z — 1, we get
L+ (k+p- 2)1 [ B+ k+p=2A]"" | | L+ k+p-2)A]
1- a a
{ Z;' (1-A+4p) et Z;' (1-A+4p) (1—A+4p) et

[1+(k+p 2)ﬂn+m 1+(k—|—p 2)1 © 1+(k+p Z)ﬂ]mm
<1
azﬂ (1-2+7p) (L-2+2p) k*””; Q-r+p) e

which yields

i L+ k+p-2)A""
= [-2+2p]
Now we have

i 1+ (k+p-2A""
~  [1-A+4p]
Consequently

i 1+ (k+p-2)A]""
& [L-2+ap]
=+ (k+ p-2)A""
& [1— A+ Ap]

ThIS completes the proof of theorem (2.3) with the help of theorem (2.1)
Theorem 2.4

T(n, m, j, @, A) is a convex set
Proof. Let the function

(e +2) i+ (k+ p=2)AT -]y, <1.

(e +2) 1+ (k+ p-2aT — ], . <1

(e +1) i+ (k+ p-2)aT" - a]ay., »

< [(a +1) 1+ (k+p-2)A]" a] vy ]

f(z)zz”—ia“p_lyzk*"*l,(ak,v >0;v=12) 9)
n=2

beintheclass T (n, m, |, «, /1). It is sufficient to show that the function h(z) defined by
h(@)=pf () +L-p)f,(2), (0<u<l)
Is also in the class T (n, m, j, &, 4). Since 0< u<1
h(z)=z" _Z[ﬂ Qi p11 +(1_/U) ak+p—l,2] A
n=2

With the aid of theorem 2.1, we obtain
L+ (k+p-2)]" .
= Z ([1 ;+ /1;] ] [(a +1) [1+ (k+p- 2)/1] _0‘] [/U Aip11 +(1_,U) ak+p—1,2]£1
k=2
which implies that h (z) eT(n, m, j, &, A)
hence T(n, m, j, &, 1) is a convex set

¥ 1AJESM
o

Volume-9, Issue-I 90


mailto:iajesm2014@gmail.com

International Advance Journal of Engineering, Science and Management (IAJESM)
ISSN -2393-8048, January-June 2018, Submitted in May 2018, iajesm2014@gmail.com
Theorem 2.5. Let the function f (z) defined by (1), be in the class T(n, m, |, «, ;t) then

for [z]=r <1

r2

1+ /1)”4[(0: +1) @1+ A)" —a] 10)

‘D;‘Zr—

and

r2

@+ )" (@ +1) @+ A)" - a]

for zeE and 0<i<n.

Proof. Note that f (z) €T (n, m, j, a, A). ifand only if
D! €T (n,m, j, a, 4)and that

I D] WS e
By theorem (2.1) we know that

]Z[1+(k+ p— 2)1 .

~  [i-A+ap]

D}|<r+ (12)

@+ 2) (o +2) 2]

=i+ (k+p- 2)1]

(e +1) i+ (k+ p=2)2" = a]a,,, , <1

<
= 1 /1+/1p
tha
= [1+(k+ p-2)A] 1
&~ [1-1+2p] Brps = (1+/1)“'[(a+1)(1+2, —aJ 9

i 2% [1+(k+p—2)l] 2 — 1
‘le(z)(s|z|+r Z;‘ i+ ] Qypy STHT (1+/1)n7i|-(a+1)(1+1)m_a]
and

‘D‘ﬂf(z)'zr—r2

1
@+ )" (a+1) 1+ 2)" -a]
This completes the proof of theorem (2.5)
Corollary 2.2. Let the function f(z) defined by (1) be in the class T (n, m, j, a, /1) then

for [z]=r <1

r2

| 1:(Z)|Z'r_(1+/1)"-‘[(a+1) 1+ ) e )
and
r2
|f(z)|£r+(1+z)"-‘[(a+1) 2 -a| zek &)

The inequalities in (14) and (15) are attained for the function given by
2
f(2)=z2-

z
(a+1) @1+ A)" -

Proof. Taking i =0in theorem (2.5), we immediately obtained (14) and (15).

Theorem 2.6 Let f;(0)=z and
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(@)=~ L 2471 (k>2:neN)
L+t p=221 [ )@ (er p-2)2) -
[1— 2+ 4p]
For a >0.then f(z) isintheclass T (n, m, j, @, 4) if and only if it can be expressed in the form
f(z)=> uf(z) where 4, >0 and > u =1 (16)
n=2 n=2

Proof. Assume that

[1+[(1k—+/12_/1§))]/1]n [(a +1) @+ (k+p-2)4)" -

al !
M+ (k+p-2)AT
[1- 1+ p]

(e +1) @+ (k+ p-2)2 —a]

:Zﬂk :1_,Uj <1
n=2

So by Theorem (2.1), f(2) eT(n, m, j, a, A)
Conversely, assume that the function defined by (1) belongs to class. Then
1

8., < [1 T 2)/1] , Then it follows that

+(kk+p-

1) (1+(k 2 =
[L- 4+ Ap] [(0” ) @+ (k+p- “]

) © 1
£ )2 t (2 :ZD_ k+p—1
() 2;#kk() g;ﬁ+(k+p‘2W” l(e+1) @+ (k+p-2)2 —a]

[L- A+ 4p]

(k=>2,neN,).
Setting

1+(k+p-2

PP o723 AN Y PO V3 L P

[1-1+p]

and :l—z,u ‘-
n=2

we can see that f(z) can be expressed in the form (16). This completes the proof of Theorem
(2.6)
Theorem 2.7 Let the function f(z) defined by (1), be in the class T(n, m, j, @, A) then f(2) is

close to convex of order p(0< p <1)in |z|<r,, where
rL=r(nm ja p)

1

1=\ (k+ p-2)AT k-t
JTK kp} [1_;1@] [(a+1)(1+(k+p 2)1) —a] 17)

The result is sharp with the extremal function f (z) given by (4).
Proof. We must show that -1|<@-p) for |z|<r(n,m, j, & p)where

r,(n, m, j, @, p)is given by (17). Indeed we find form (1) that
< ikak|z |<-P-2

k=2
<(t-p),
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i f Z ak|z|k*"’2 <1. (18)
k=2 -

But by Theorem (2.1), (18) will be true if
k |Z |k—2S [1+ (k+p- 2)2]

(e +1) @+ (k+ p-2)2)" -]

1-p) [L-2+2p]
That is, if
1-p e (k+p-2)4 =
|4sﬂ:kpj[+é;;ii& e+ @+ (c+ p-2)2) —aﬂ (19)

Theorem (2.7) follows from (19).
Theorem 2.8. Let the function f (z) defined by (1), be in the class T (n, m, j, a, ﬂ) then f(z) is

starlike of order p(0< p<1)in |z|<r,, where
r,=r,(nm ja p)

1
:hﬁKi_p]h+“+p_zﬂlk +1) 1+ (k+p-2)1) —aﬂkl (20)
<\k=p) [L-2+p]
The result is sharp with the extremal function f(z) given by (4).
Proof. It suffices to show that
z1'(2)
f'(z)-1
we find form (1) that
kz_;(li——/f)a"*“'Z [P <1,
(21)
But by Theorem (2.1), (21) will be true if

1-p) |Z|k—2S [L+(k+p-2)2] [(a+1) A+(k+p-2)1 —a]

<(1-p) for |z|<r,(n, m, j, &, p) where r,(n, m, j, @, p)is given by (20). Indeed

(k- p) [1-2+2p]
That is, if
1-p \[l+(k+p-2)2 k1
|z|gKk_/;j[+[(1_+;’Mp>] P la+1) @ (ks p-2)2) —a]} (22)

Theorem (2.8) follows easily from (22).
Theorem 2.9. Let the function f (z) defined by (1), be in the class T (n, m, j, , /1) then f(z) is

convex of order p(0< p<1)in |z|<r,, where
r,=r,(nm j, a p)

1

:iankl‘P )J[“(k*p‘zm o+ 1)+ (k+ p-2)2) —a]}“ @3)

<kk=-p)) [L-2+2p]

The result is sharp with the extremal function f(z) given by (4).
Proof. It is suffices to show that
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z f'(2)
zf'(z)-1
we find form (1) that

= k(k— .
sklk=p), <,
= 1-p)

(24)
But by Theorem (2.1), (24) will be true if

A=) gy [tk p 2)"][05+11+(k+|o 22)" -

<(1-p) for z|<ry(n,m, j, @, p)where r,(n, m, j, @, p) is given by (23). Indeed

k(k—p) [1- 4+ p]
That is, if
1- 1+(k+p-2)1 ket
|Z|3Kk(k—pp)j[ +[(1_+;1/1p)] i [(a+1)(1+(k+p 2)1) —a] (25)

Theorem (2.9) follows easily from (25).
Theorem 2.10. Let the function f(z) defined by (1), be in the class T (n, m, j, a, ﬂ) and let c be
a real number such that ¢ > —1. then the function F(z) defined by

FQﬁJ“—Kﬁ*HDm,@>—D (26)

also belongs to the class T (n, m, j, &, 4).
Proof. From the representation of (26) of f(z) it follows that

_Cc+& .
k+p-1 C+ k k+p-1

F(z)=2"->b,.,,2"", where b
n=2
Therefore, we have

SR P22 [ s (k4 p-2al ~alb,.p

~  [-A+4p]

= [+ (k+ p-2)A]°

kZ; 2+ p) [( +1) L+ (k+ p-2)A]" a]akwl
<1

Since f(z)eT(n, m, j, &, A).

Hence by theorem (2.1), F(z) eT(n, m, j, a, A).

Theorem 2.11. Let the function f(z) defined by (1), be in the class T (n, m, j, a, /1) and let ¢ be
a real number such that ¢ >-1. then the function F(z) defined by (26) is multivalent in
|z| < R"where

o (c+1)[1+[(1k_+/£_/;)]i][ +1)Q+(k+p-2)2 —a]
e c+K)

o ‘

k>2 (27)

The result is sharp.
Proof. From (26), we have
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A [2°F(Z)I = c+k
f() =" —7p N2 " M
(2) c+1 nZZ: c+1 Pt
In order to obtain the required result, it suffices to show that
|z | < R"where R" is given by (27).

c+k)

Now |F'(z) -1 <1 fz 8,477 <1 (28)
But by Theorem 2.1 conflrm that
=i+ (k+p-2)A] m
a+l)l+(k+p-2)A| —a|<L1 29
S e )bt p-22] o] (29)
Thus
k(C+k)|Z|k+pz<[1+(k+p 2)1] [a+l Vis (ks p-2)2]" _a]
c+1 [1- 1+ 2p]
Thus
1
k (c+k)[L1+(k+p-2)A] m -l
D+ k+p-2)A]" - L k>2 30
|Z|<{ c+1 [L— A+ 4p] [(a+)[+( +p-24] a] (30)

Therefore, the function given by (26) is multivalent in |z | <R".
Let the function f (z),(v =1 2)be defined by (9). The modified Hadmard product f,(z) and

f,(z) is defined by
(fl * fz)(z) =z° _Z A1 8y 2 A

n=2
(31)
Theorem 2.12. Let each of the function f, (z),(v =1, 2)be defined by (9) be in the class

T(h,m, j,a A), then f xf,(z)eT(n, m, j, &, A) where
P 2 e+ )i+ (k+ p-2)A —af —@+a)"
- 1+ )" -1

The result is sharp.
Proof. Employing the technique used by Schild and Silverman [10], we need to find largest
B=p(nm, j a, 1) suchthat

Sl P24 [0 0 v p-2)a] - Blaa,, <1

= [-2+2p]

Since kz_;[“(lk J;ﬁr /;)]/1] [(a +1) L+ (k+p-2)A]" _a]ak,l <1
1+ (k 2)A m

and kzzl[ +[(1 J;ﬁJp)] I [(a+1) L+ (k+p-2)4] —a]ak,z <1

By the Cauchy — Schwarz inequality, we have
= [+ (k+ p-2)A] m
1) 11+ (k -2A —al. <1
; [1—l+lp] [(a+ )[ +(k+p-2) ] 05] Ay 1y 5
and thus it is sufficient to show that
= [+ (k+ p-2)A]°
1)1+ (k 2 i <
Z [1—ﬂ,+ip] [(ﬂ"‘ )["'( +pP- ) ]aklakz
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o [+ (k+ p—2)2 .
skz +[(1 +/1p+,1p)] I (@ +1) i+ (k+ p-2)2T -] Ja 2., <1

Thatis \/a,,a, , < { D+ (k+p-2)4
k

1+(k+p 2)A
Note that ./a,,a, , <
T L (k+ p-2)A]

[1— 4+ p]
Consequently, we need only prove that
1 e+ (s p-24 o]
s (k+p-2)A] ] B+ (k+ p-2)2] - 4]
) (e +1) it (k+ p-2)A]" - a
Or, equivalently that

m

[ —

_ ﬁ} (k >2).

[ —

[EEN

(e +1) [+ (k+ p-2)2]" - <]

N—"

L+ k+p-2)4]
[1-2+p]

B+ (k+ p-2a] ~1)+ i+ (k+ p-2)A]" < (e +1) it (k+ p-2)A]" —af

L+ k+p-2)a]
[1— 2+ 4p]

(e +) i+ (k+ p-2)A" —af ~[i+ (k+ p-2)A]"

pe i+ k+ p-2a] -1 9

Since right hand side of (33) is an increasing function of k , letting k =2 and p =1 in equation
(33), we have
PO ER)] e+ e Al —af Al
[L+A]" -1
Which proves the main assertion of theorem (2.12). finally, by taking the function
— 4P . 1 P
R Wy O PP Ty e
We can see the result is sharp.
Theorem 2.13. Let the function f,(z),(v =1, 2) defined by (9) be in the class T (n, m, j, @, 1),
then the function

(34)

0

h(z)=2° - (a2, ., +a%  ,)2""* (35)

n=2
belongs to class T (n, m, j, &, 4), where

Lo AT @ +0) o AT —af —[s A]"

=nn,m j,a 1)= 36
n=n(n.m, j a i) Al 1 (36)
The result is sharp for the function defined by (34).
Proof. By virtue of Theorem 2.1, we have
=i+ (k+ p-2)A]° m 2
DA+k+p-2A] — <
kzz: [1_/1+/1p] [(OH' )[+( +p-2) ] a]ak,l
2
= L+ (k 2)A m
<y +(1 1‘1/1)] i (e +)f+ (k+ p-2)A]" -ala,, | <1 (37)
k=2
= 1+ k+p-2)4
kz (1 /1p+/1p)] I (e +1) i+ (k+ p-2)A]" -alag,, ., <1
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=11+ (k Al m 2
3]t B o e -2 e | <1 @

it follows from (37) and (38)

> 1+ (k+p-2)Aa]

> = [(a +1) 1+ (k+p-2)A]" - a] } (alfﬂ)_m + akip_l‘z)s 1 (39)

Therefore, we need to find the largest 7 such that

(=T

I [(a +1) i+ (k+ p-2)A]" —a] T

L1 [l+(k+p-2)2
2| [L-A+4p]
That is

1+(k+p-2)AT . * hek+p-2)AT .
J +[‘1_;'°+ ﬂp)] P @2 s (k+ p-2)2] —a]} ok +[(1_+j’+ lp)] e+ e ks p-2a7]
n<

) [L+(k+p-2A]

et ] [+ (k+ p-2)A]" -1

(40)
Since ritht hand side of (40) is an increasing function of k , we readily have
pe i+ (+ p-2aT[@+1) i+ (k+ p-2)A] —a| f =21+ (k + p-2)a]"

2| L+ (k+ p=-2)4]" 1]

and Theorem(2.13) follows at once .
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