
International Advance Journal of Engineering, Science and Management (IAJESM) 
Multidisciplinary, Multilingual, Indexed, Double Blind, Open Access, Peer-Reviewed, Refereed-International Journal. 

SJIF Impact Factor =8.152, January-June 2025, Submitted in January 2025 
 

Volume-23, Issue-II            iajesm2014@gmail.com 434 

ISSN: 2393-8048 

A Study on Discrete Probability Distributions Using Urn Models 
Arun Vyas, Research Scholar, Department of Mathematics, Shri Khushal Das University, Hanumangarh 

Dr. Manika Srivastava, Assistant Prof., Department of Science, Shri Khushal Das University, Hanumangarh                                                                        
 

Abstract 
Discrete probability distributions form one of the fundamental branches of probability theory 

and statistics, providing mathematical tools for analyzing random events with countable 

outcomes. Among the classical approaches for understanding discrete random processes, urn 

models occupy a central position because of their simplicity, versatility, and broad 

applicability. Originating from the work of eighteenth and nineteenth-century mathematicians, 

urn models have evolved into powerful stochastic frameworks for describing random sampling, 

reinforcement processes, contagion phenomena, evolutionary dynamics, and network growth. 

They serve as the mathematical foundation for several well-known probability distributions, 

including the binomial, hypergeometric, negative hypergeometric, multinomial, geometric, and 

negative binomial distributions. In modern probability theory, generalized urn models such as 

the Pólya urn, Friedman urn, and adaptive urn schemes have become indispensable tools in 

statistics, computer science, epidemiology, economics, genetics, and machine learning. 

The purpose of this study is to investigate discrete probability distributions through the 

framework of classical and generalized urn models. The study explains how different sampling 

mechanisms, replacement rules, and reinforcement strategies generate distinct probability 

distributions and stochastic behaviors. It examines theoretical developments, mathematical 

properties, computational simulation techniques, and practical applications of urn-based 

probability models. Particular attention is given to reinforcement learning, Bayesian statistics, 

clinical trial design, evolutionary biology, information theory, and random graph analysis, 

where urn models continue to play a significant role. 

Introduction 
Probability theory provides the mathematical language for describing uncertainty, randomness, 

and stochastic behavior observed in natural and artificial systems. Many real-world phenomena 

involve outcomes that occur randomly but follow identifiable probabilistic patterns. When the 

possible outcomes are finite or countably infinite, these phenomena are described using 

discrete probability distributions. Such distributions are widely applied in statistics, actuarial 

science, engineering, economics, genetics, operations research, artificial intelligence, and data 

science. 

Among the oldest and most influential methods for illustrating discrete probability concepts 

are urn models. An urn model consists of a container holding balls of different colors or labels. 

Random sampling from the urn under specified replacement rules produces probabilistic 

outcomes that correspond to various discrete distributions. Despite their apparent simplicity, 

urn models capture the essential characteristics of many complex stochastic processes and 

therefore occupy an important position in modern probability theory. 

Review of Literature 
Laplace (1812) developed the early mathematical foundations of probability theory and 

demonstrated the importance of combinatorial methods that later became closely associated 

with classical urn models. 

Bernoulli (1713) introduced the law of large numbers and binomial probability concepts, 

laying the theoretical groundwork for sampling models represented through urn experiments. 

Pólya (1930) introduced the famous Pólya urn model, demonstrating how reinforcement 

mechanisms influence probability distributions and produce dependence between successive 

observations. 

Eggenberger and Pólya (1923) formulated the generalized Pólya urn process and showed that 

reinforcement generates rich stochastic behavior applicable to biological evolution, contagion 

processes, and learning models. 
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Johnson and Kotz (1977) presented comprehensive treatments of discrete probability 

distributions and explained the mathematical relationships between classical urn models and 

common statistical distributions. 
Mahmoud (2008) extensively analyzed Pólya urn models, discussing asymptotic theory, 

stochastic approximation, branching processes, and applications in computer science. 

Methodology 
The present study adopts a qualitative, theoretical, and analytical research methodology based 

on an extensive review of mathematical and statistical literature concerning discrete probability 

distributions and urn models. The investigation utilizes textbooks, peer-reviewed journal 

articles, conference proceedings, and research monographs in probability theory, stochastic 

processes, applied mathematics, and statistics. 

The mathematical framework begins with the formulation of classical urn models under 

different sampling conditions. Models involving sampling with replacement, sampling without 

replacement, sequential sampling, and reinforcement mechanisms are examined to derive the 

corresponding discrete probability distributions. Mathematical properties including 

expectation, variance, probability mass functions, generating functions, recurrence relations, 

and asymptotic behavior are analyzed using standard probabilistic techniques. 

Research Gap 
Although urn models have been studied extensively, several important research challenges 

remain. Most classical research focuses on simple two-color urn models, whereas many real-

world applications involve multidimensional systems with numerous interacting components 

that require more sophisticated mathematical analysis. 

Adaptive urn models used in clinical trials and machine learning continue to require improved 

theoretical understanding, particularly regarding convergence rates, stability properties, and 

optimal reinforcement strategies. 

The application of urn models to modern artificial intelligence remains relatively unexplored. 

Reinforcement learning, online decision-making, recommendation systems, and adaptive 

optimization algorithms could benefit from deeper integration of generalized urn theory. 

Importance of the Study 
The present study contributes significantly to probability theory, statistics, applied 

mathematics, and interdisciplinary scientific research by providing a comprehensive 

understanding of discrete probability distributions through urn models. 

From a mathematical perspective, the study strengthens knowledge of stochastic processes, 

combinatorial probability, random sampling, reinforcement mechanisms, and asymptotic 

analysis. These concepts form essential components of higher mathematics and statistical 

theory. 

The study also possesses considerable practical importance. Urn models provide mathematical 

foundations for statistical sampling techniques, Bayesian inference, clinical trial design, 

reliability analysis, evolutionary biology, epidemiology, economics, operations research, and 

financial mathematics. 

Conclusion 
Discrete probability distributions and urn models together constitute one of the most elegant 

and influential areas of probability theory. Classical urn experiments provide intuitive 

explanations for fundamental probability distributions, while generalized urn models extend 

these ideas to complex stochastic systems involving reinforcement, adaptation, and dynamic 

evolution. 

The literature demonstrates that urn models successfully explain phenomena across statistics, 

biology, economics, medicine, computer science, artificial intelligence, and network theory. 

Reinforcement mechanisms introduced through generalized urn processes have significantly 

expanded the applicability of probability theory to modern scientific challenges. 
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